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Abstract

The discovery of Mandelbrot set does not date back more than five decades. Due to its compli-
cated and intricate structure, it is one of the most popular research fields in dynamical systems. On
this paper, we first define the Julia set and the filled-in Julia set before setting off on our exploration
of the Mandelbrot set and the properties thereof.

1 Preliminaries

For reference: any mention of the function Qc refers to Qc : C→ C where Qc(z) = z2 + c.
Before we begin our exploration of the Mandelbrot set proper, we’ll explore a closely related sets: the
”Julia set” and the ”filled-in Julia set” of Qc. First, here is the definition of Julia set.

Definition 1.1. Let P : C → C be a polynomial map. Then, the Julia set of P , denoted by J(P ) is
the closure of the set of repelling periodic points of P .

Here is the definition of filled-in Julia set.

Definition 1.2. The filled-in Julia set, or the complement of the attracting basin of the point at infinity
Kc is defined as Kc = {z | Qnc (z) 6→ ∞}.

As the terminologies suggest, Julia set is a boundary of filled-in Julia set. As the Julia set J(Qc)
is completely invariant upon iteration (and thus has no points that tend towards infinity) [1], clearly
J(Qc) ⊆ Kc.

2 Properties of Kc

Proposition 2.1. If 0 6∈ Kc, then Kc and U1 = C−Kc are simply connected and Qc is conjugate to
the map q(z) = z2 on U1

There is quite a bit we need to unpack before we can attack the meat of the theorem. Let’s whip
out some lemmas.

Lemma 2.1. For map Qc : C→ C, z∞ =∞ is a superattracting fixed point.

We define F : Dr → C where r ∈ R+, r <
√

1
c and Dr = {z ∈ C : |z| ≤ r} as

F (z) =
1

Qc(
1
z )

We see clearly thatQc is topologically conjugate to the map F by the functionH(z) = 1
z , as Qc(H(z)) =

Qc(
1
z ) = H(F (z)). As H takes the point at infinity to 0, to study the behavior of Qc around infinity, we
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study F around zero. To confirm that 0 is superattrating for F , we perform the following calculations
(with some assistance from Wolfram Mathematica)

F (z) =
1

Qc(
1
z )

=
1

1
z2

+ c
=

z2

1 + cz2

F ′(z) =
2z

(cz2 + 1)2

F ′(0) = 0

F ′′(z) =
2− 6cz2

(cz2 + 1)3

F ′′(0) = 2

Thus, as F ′(0) = 0 but F ′′(0) 6= 0, 0 is a superattractor for F and ∞ is a superattractor for Qc.

Lemma 2.2. (Böttcher, 1904[4]) F (and by association Qc) is holomorphically conjugate to Q : Dr →
Dr where Q(z) = z2

Proof. Using the geometric series identity (and confirming those calculations using Mathematica), F
has power series expansion

F (z) =

∞∑
n=0

(−1)ncnz2n+2

with radius of convergence |z| <
∣∣∣ 1√

c

∣∣∣. As our domain Dr lies within the radius of convergence, we can

write that F (z) = z2(1 + a(z)) where

a(z) =
∞∑
n=1

(−1)ncnz2n = (−cz2 + c2z4 − c3z6 + · · · )

We restrict r such that 0 < r < 1
2 and a(z) < 1

2 on Dr. Now, |F (z)| ≤ 3
2

∣∣z2∣∣ ≤ 3
8 , so clearly F maps Dr

into itself and F (z) 6= 0 on Dr − {0}. Inductively, the k-fold iterate fk(z) maps Dr into itself as well

and has form fk(z) = z2
k
(1 + xk(z)) where xk(z) is a mess of a polynomial that we shall have little to

do with. We now define the map φk as

φk(z) = (fk(z))2
−k

= z(1 + xk(z))
2−k

We note that φk(f(z)) = φk+1(z)
2, as

φk(f(z)) = (fk+1(z))2
−k

φk+1(z)
2 = ((fk+1(z))2

−(k+1)
)2 = (fk+1(z))2

−k
= φk(f(z))

We claim that (amazingly!) as k tends towards infinity, φk converges to function φ. Clearly should this
be the case, φ would be the conjugate function we’re looking for. We let Z range over the left half-plane
H = c|Re(c) < log(r) and make the substitution z = eZ . This gives us function G(Z) = log(F (eZ))
which maps H into itself (as F maps Dr into itself and the log function has a maximum real value
of the modulus of its input). We write b = a(eZ) (noting that |b| < 1

2 by our choice of r earlier)

and obtain that G(Z) = log(e2Z(1 + b)) = 2Z + log(1 + b) = 2Z + (b − b2

2 + b3

3 − ...) [5]. The form
of the parenthetical on the right determines an explicit choice of branch for the logarithm function.
We’ve now established that G is a well-defined holomorphic function. Since |b| < 1/2, we have that
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|G(Z)−2Z| = | log(1+b)| < log 2 < 1 for all Z ∈ H. We can also define onH a well-defined holomorphic
map Φk(Z) = log(φk(e

Z)) = Gk(Z)/2k. We can now write using dummy variable Y = Gk(Z) for clarity

|Φk+1(Z)− Φk(Z)| =
∣∣∣∣Gk+1(Z)

2k+1
− Gk(Z)

2k

∣∣∣∣
=

∣∣∣∣Gk+1(Z)− 2Gk(Z)

2k+1

∣∣∣∣
=

∣∣∣∣G(Y )− 2Y

2k+1

∣∣∣∣ ≤ ∣∣∣∣ 1

2k+1

∣∣∣∣
The mapping from H to D reduces distances, so we also have that |φk+1(Z) − φk(Z)| ≤

∣∣ 1
2k+1

∣∣. This
establishes that (by the triangle inequality

lim
k→∞

|φk(Z)| ≤ |φ1(Z)|+ lim
k→∞

k∑
j=1

|φj+1(Z)− φj(Z)| ≤ |φ1(Z)|+ lim
k→∞

k∑
j=1

1

2k+1

which is well known to converge. Thus we have that φ = limk→∞ φk converges. At long last, we’ve
found our conjugating function. We see from the commutative diagram below that this conjugates Qc
to Q on the complement to Dr, Ur.

Ur Ur

Dr D

D D

Qc

H H

F

φ φ

Q

We now have that, as desired,

(
φ

(
1

z

))2

= φ

(
1

Qc(z)

)

Our next task is to extend the domain of our conjugacy to U1, the complement of the filled-in Julia
set Kc

Proposition 2.2. We have that φc is an analytic homeomorphism conjugating Qc and Q0 on the
domain Ur. We can extend the domain of φc to the attracting basin of the point at infinity U1 such
that φc : U1 → D1 is an analytic homeomorphism.

Proof. Recall from above that∞ is a superattracting fixed point of Qc and Q′′c (∞) 6= 0. Then it follows
that there exists R > 0 and an open neighborhood UR about ∞ with an analytic homeomorphism

φc : UR → DR = {z | |z| > R},

and it conjugates Qc(z) and the map Q0(z) so for any z ∈ UR,

φc(Qc(z)) = (φc(z))
2.

Now, let us assign polar coordinates on the open set UR. Fix an angle θ∗. Consider a ray of the form
reiθ∗ where r > R. Let us denote the preimage of the ray φ−1c (reiθ∗) by γθ∗ . We will call this curve as
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Figure 1: Polar Coordinates on UR, [2]

an external ray. Plus, we also let ρθ∗ = φ−1c (|z| = r∗) for r∗ > R. (r∗, θ∗) is a polar coordinates on UR.
See Figure 1.

Let us extend the domain of definition of these polar coordinates. Suppose z ∈ C − UR such
that Qc(z) ∈ Ur. Then, |φc(Qc(z))| > R. Suppose arg φc(Qc(z)) = θ and |φc(Q(z))| = r. Then,
there are two square roots of z namely ±w = ±

√
r exp(iθ/2). Let w be such that argw = θ/2 and

arg−w = θ/2 + π. In order to extend the domain, however, we need to decide φc(z) to be one of ±w.
Suppose that c 6∈ γθ, the external ray of argument θ. Then the preimage of the ray, Q−1c (γθ) consists

of two disjoint curves namely γθ/2 and γθ/2+π. Note that z we defined in the previous paragraph must
be on either of rays. Let us define φc(z) = +w if z ∈ γθ/2 and φc(z) = −w if z ∈ γθ/2+π. See Figure 2.

Figure 2: Extending the conjugacy φc, [2]

Unless c ∈ γθ, we may repeat this procedure to extend the domain. c ∈ γθ if and only if Q
(n)
c →∞.

Thus, if Q
(n)
c 6→ ∞, we may repeat the procedure indefinitely until we can extend the domain no

further. The maximal domain that φc can have is U1 of which range is D1 = {z | |z| > 1}, for
√
r < r

only if r > 1.
Now, we need to prove that J(Qc) is the boundary of U1. In fact, it suffices to prove that any
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escaping orbit lies in U1. If Q
(n)
c (z)→∞, then we may pick the smallest integer N such that Q

(N)
c (z) ∈

UR. Therefore, we can apply the construction N times along the iterate of z to define φc(z). Since
J(Qc) is the boundary of both Kc and the sets of escaping orbits, it follows J(Qc) = ∂U1.

Proposition 2.3. Let Qc(z) = z2 + c. Then U1 = {z | Qnc (z) → ∞} , the basin of attraction of
infinity, is an open set.

Proof. Let z0 ∈ U1. Since z0 /∈ J(Qc), {Qnc }∞n=1 is a normal family in some open neighborhood U of z0.
Then some subsequence of the {Qnc } either converges uniformly on compact subsets of U or converges
uniformly to ∞ on U . The first case is impossible, since Qnc (z)→∞. Thus, some subsequence of the
{Qnc } converges uniformly to ∞ on U , and it follows that U ⊆ U1.

Proposition 2.4. J(Qc) is the boundary of Kc.

Proof. If z ∈ ∂Kc, then {Qnc } cannot be normal in any neighborhood of z, because any such neigh-
borhood contains at least one z1 with Qnc (z1) → ∞, and at least one z2 with Qnc (z2) 6→ ∞. Thus,
z ∈ J(Qc). Conversely, if z ∈ J(Qc), {Qnc } is not normal at z be our alternative characterization of
the Julia set. Thus, for any neighborhood U of z, it follows from Montel’s Theorem that the union⋃∞
n=0Q

n
c (U) omits at most one point of C. This shows that there is z0 ∈ U such that Qnc (z0) → ∞.

Since J(Qc) ⊆ Kc, we’ve shown that J(Qc) ⊆ ∂Kc.

Corollary 2.3. Kc is a closed and completely invariant set (under Qc) whose boundary is precisely
J(Qc).

Proof. The above propositions show that Kc is closed with ∂Kc = J(Qc). That Kc is completely
invariant is clear from its definition, since if Qnc (z) 6→ ∞, then we must have Qnc (Qc(z)) 6→ ∞ and
Qnc (Q−1c (z)) 6→ ∞, where Q−1c (z) may be chosen to be either of the two preimages of z under Qc.

3 The Mandelbrot Set Itself

Definition 3.1. We define the Mandelbrot set to be M = {c ∈ C|Qnc (0) 6→ ∞ as n→∞}

Proposition 3.1. Let M be the Mandelbrot set. For n ≥ 1, cn = Qnc (0). Then M ={c ∈ C ||cn| ≤
2 for n ≥ 1}.

Proof: We follow the proof given in [9]. Let c ∈ C be fixed, and let W = {z ∈ C ||z| ≥ |c|, |z| > 2}.
Let z ∈W . Then there is ε > 0 such that |z| > 2 + ε. Then we have by the reverse triangle inequality

|Qc(z)| = |z2 + c| ≥ |z|2 − |c| ≥ |z|2 − |z| = |z|(|z| − 1) ≥ |z|(1 + ε) > |z|

and thus Qc(z) ∈ W . Applying the inequality multiple times for a fixed ε shows that |Qnc (z)| ≥
|z|(1 + ε)n, so Qnc (z) → ∞. Now suppose c ∈ M , and we will show |cn| ≤ 2 for each n ≥ 1. Since
c ∈M , the sequence {cn} is bounded. It is clear that for each n, we must have cn /∈W , for otherwise
the sequence {cn} will not remain bounded. Thus, given n ≥ 1, either |cn| < |c| or |cn| ≤ 2. For n = 1,
we have c1 = c, thus we must have |c| ≤ 2. Thus, for each n, we have either |cn| < 2 or |cn| ≤ 2, and
the result follows.

Here is a remarkable theorem about Julia sets of Qc(z).

Proposition 3.2. [6] Let M be the Mandelbrot set.

1. For each point c ∈M , the corresponding Julia set J(Qc) is connected.

2. For each point c 6∈M , the corresponding Julia set J(Qc) is disconnected.
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However, in order to prove the theorem, we need a lemma.

Lemma 3.1. [6] Let Γ be a smooth, simple closed curve in the plane, and let Qc(z) = z2 + c. Let Γ−1
be the preimage of Γ, defined as

Γ−1 = Q−1c (Γ) = {w ∈ C | Qc(w) ∈ Γ}.

Then, Γ−1 is decided whether c is strictly inside or on Γ.

1. If c is strictly inside Γ, then Γ−1 is also smooth closed curve. Plus, there is one-to-one corre-
spondence between the inside region of Γ−1 and that of Γ.

2. If c lies on Γ, then Γ−1 is a smooth figure eight curve. Again, there is one-to-one correspondence
between each of the inside regions of Γ−1 and that of Γ.

Proof. 1. Suppose c is strictly inside Γ. Then, for any point z on Γ, let t be the argument of z − c.
Thus, we may express z − c as |z − c| exp(it). Observe that the inverse function of Qc(z) is
Q−1c (z) = ±

√
z − c. Thus, for every z ∈ Γ, its pre-images correspond to ±

√
|z − c| exp(it/2).

Let us denote them ±w. Then, as z moves on Γ, +w and −w will trace out the top and bottom
half respectively, forming Γ−1. The rays from the origin to +w and −w sweep the region inside
Γ−1; thus there is an one-to-one correspondence between the inside region of Γ−1 and that of Γ.

2. Suppose c is on Γ. We may modify the above argument; that is, while z moves along Γ, if
it reaches c, ±w = ±

√
|z − c| exp(it/2) = 0. Thus, the pre-image of Γ will be in the form of

the figure eight. The rays from 0 to +w will fill the region inside one of the loops, and the
correspondence between between inside region of one of the loops and that of Γ is one-to-one.
Similarly, there is one-to-one correspondence between the inside region of Γ and that of another
loop.

With this fact, we are going to prove the theorem.

Proof. 1. Suppose c ∈ M . In other words, suppose {Q(n)
c (0)} is bounded. First, we will show

that the filled-in Julia set, Kc is the intersection of nested sequence of filled-in simple closed

curves. Consider a curve Γ0 that is large enough to contain every Q
(n)
c (0), and suppose Q−1c (Γ0)

is contained inside Γ0. In fact, Γ0 is circle and its radius is larger than 1, then Q−1c (Γ0) is always
strictly contained in Γ0. We may suppose any points outside Γ iterate to ∞.

It is obvious that c is inside Γ0. Let us denote Q−1c (Γ0) by Γ−1. By Lemma we just proved, Qc
maps the inside region of Γ−1 to Γ0. Plus, as Qc(c) = Q2

c(0) was inside Γ0, c is inside both Γ0

and Γ−1.

Let us iterate this process. For each n, let Γ−(n+1) = Q−1c (Γ(−n)). For every stage, c is inside Γ−n

since Q
(n+1)
c (0) ∈ Γ0. Thus, it implies that Q

(n)
c (0) ∈ Γ(−1), and so on, until Qc(0) = c ∈ Γ(−n).

Plus, the boundary of K corresponds to the Julia set J(Qc) since it is the boundary of basin of
attraction at infinity.

Let Kn = Γ−n∪ (inside of Γ−n), and define K =
⋂∞
n=0Kn. By construction, any point outside

Kn iterates to ∞. Therefore, we may conclude that the basin of attraction at infinity is C \K.
In other words, the filled-in Julia set, Kc is K. In fact, the fact that K is connected follows from
topology. There is a theorem that intersection of a nested sequence of compact and connected
sets of which complements are connected is compact and connected. Thus, K is connected, and
so is its boundary, J(Qc). Thus, the Julia set of Qc is connected if c ∈M .
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2. Suppose c 6∈M . In other words, suppose {Q(n)
c (0)} is unbounded. Then it follows

lim
n→∞

Q(n)
c (0) =∞.

Here, we are going to define a large circle Γ0 satisfying the following properties.

(a) γ−1 = Q−1c (Γ0) lies inside Γ0.

(b) All points outside Γ0 iterate to ∞.

(c) There exists n0 such that Q
(n0)−1
c (c) = Q

(n0)
c (0) is on the circle Γ0. If n < n0, then Q

(n0)
c (c)

is strictly inside Γ0, and if n > n0, then Q
(n0)
c (c) is strictly outside Γ0.

Again, we start by defining Γ−n+1 = Q−1c (Γ(−n)). This idea works until we reach n = n0 and
encounter c on the curve Γ−(n0−1). Thus, again by lemma we proved, Γ−n0 is a figure eight curve
with the Julia set J(Qc) contained in the union of two inside regions. Since inside region of each
loop of Γ−n0 maps onto the whole inside of Γ−(n0−1), each region contains a non-empty subset of
J(Qc). Thus, we know that J(Qc) must be disconnected. Continuing this idea, the sets Γ−n are
unions of figure eight curves. Each figure eight curve maps to another figure eight curves at the
next stage. Thus, at each stage, J(Qc) is surrounded by the figure eight curve. Thus, J(Qc) has
infinitely many disjoint components.

In fact, more is true. We are not going to cover the proofs of these properties, but each of these
components is single point, rendering J(Qc) totally disconnected. Furthermore, J(Qc) is a perfect
set, that is there is no isolated points in this Julia set. These properties allow us to assume J(Qc)
as a Cantor set, since it is compact(closed and bounded), totally disconnected, and perfect whenever
c 6∈M .

4 Decorations of M/Graphical reconstruction of M ([7])

We have that if Qc(z) has an attracting fixed point z0 then z20 + c = z0 and |Q′c(z0)| = |2z0| < 1. The
boundary of such points is the circle {12e

iθ|θ ∈ [0, 2π]}. We then have from z2 + c = z that for such
a point to exist in Qc, we have that c is contained in the cardioid 1

2e
iθ − 1

4e
i2θ. we can graph such a

cardioid using mathematica with parameterization x(t) = 1
2 cos t− 1

4 cos 2t, y(t) = 1
2 sin t− 1

4 sin 2t. We
can repeat this process for attracting orbits of prime period two as well. This requires that for some
z ∈ C,

Q2
c(z)− z = 0

(z2 + c)2 + c− z = 0

z4 + 2cz2 − z + c2 + c = 0

(z2 + z + 1 + c)(z2 + c− z) = 0

Of course all of the points satisfying (z20 + c− z0) = 0 are simply the fixed points of Qc. We thus have
that any period two points are zeros of the function h(z) = z2 +z+1+ c. We let z1, z2 be a period-two
attracting orbit. We then have the following:

1. z21 + z1 + 1 + c = z22 + z2 + 1 + c = 0

2. Qc(z1) = z2 or equivalently z2 = z21 + c
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Figure 3: Boundary of region in c-plane for which Qc has an attracting fixed point

3.
d

dz

(
Q2
c(z1)

)
= Q′c(z1)Q

′
c(Qc(z1)) = Q′c(z1)Q

′
c(z2) = 4z1z2

By the same reasoning,
d

dz

(
Q2
c(z1)

)
= 4z1z2

4. By item 3, we then have that |4z1z2| < 1

We have by the fundamental theorem of Algebra [8] that h(z) has exactly two roots in C, and as we
have that h’s leading coefficient is one, h(z) = (z− z1)(z− z2) = z2− (z1 + z2)z+ z1z2 = z2 + z+ 1 + c.
By observing terms of like degree, we can see that 1 + c = z1z2. We thus have that the region on the
c-plane on which Qc has an attracting orbit of prime period two has boundary |4(1 + c)| = 1. We can
now add on to our basic reconstruction using parameterization cx(t) = 1

4 cos(t) − 1, cy(t)
1
4 sin(t): We

Figure 4: Boundary of region in c-plane for which Qc has an attracting orbit of prime period 2

could carry on this way, but as this is an extraordinarily clumsy way to construct the boundary of the
Mandelbrot set, we shan’t. Rather, this makes a fascinating illustration of what drives the boundary to
have its famously interesting shape. The contours along the boundary mark the regions in the c-plane
on which Qc has an attracting orbit of prime period n.
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