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1 Introduction

In this project, we found 404 sets of parameters total for all cyclic codes of length

25 or below, listed in Appendix. We found these codes using a Sage program we

created, also in Appendix.

We then got rid of duplicate codes with the same set of parameters, as well as

those that were strictly worse than other codes we found. The list of remaining 114

codes are in Appendix. We will explain the process further in the paper.

Finally, based on a metric defined by both the dimension to length ratio and

distance to length ratio, we broke the codes up into groups, listed in our Analysis.

2 Finding Codes

To find all of the cyclic codes with n ≤ 25, we simply created a program that, for

each value of n, factored xn + 1 in GF (2) and then calculated the product of each

combination of those factors. From each of these polynomials we could then use Sage

to find the parameters of the cyclic code generated by that polynomial. Using this

algorithm that we went over in class, we are certain that we found every distinct

cyclic code with n ≤ 25.
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3 Condensing Codes

For a code of parameters [n, k, d], n is the length of the codeword, k represents the

length of the message the code can send, and d keeps track of the number of errors

the code can detect and/or correct. In addition, we can strictly compare two codes

whenever two of their parameter entries are equal. Suppose we have a pair of codes

with parameters [n, k, d] and [n′, k′, d′], respectively.

• n = n′, k = k′, but d < d′.

Recall that the maximum number of errors that a code can fix is equal to

b(d−1
2

)c where d is the distance entry. Thus, in general, the code with the larger

d can correct more errors. Especially, if n = n′ and b(d−1
2

)c < b(d′−1
2

)c, then the

later code has higher ratio of number of fixable errors to length of codewords;

hence, the later one is better. Even when we assume b(d−1
2

)c = b(d′−1
2

)c, the

later code can detect d′ − 1 errors while the prior one can detect only d− 1 of

them. Thus, whenever n = n′ and k = k′, the code with the larger distance

entry value functions better.

• n = n′, d = d′, but k < k′.

Recall that k is the length of a message that the code can send. Assume we are

sending a message of length kk′. Then the [n, k, d] code will divide the message

into k′ chunks of length k and encode them into k′ codewords of length n,

while the [n′, k′, d′] code will divide the message into k chunks of length k′ and

encode them into k codewords of length n′. Since we assumed k < k′, the later

code is more efficient while both codes have equal error-detect rates. Therefore,

whenever n = n′ and d = d′, the code with larger dimension entry is better.

• d = d′, k = k′, but n < n′.

Recall that a codeword encoded by a code with parameter [n, k, d] consists of

a message of length k and parity check of length n − k. Thus, the code with

larger n encodes the message into longer codewords. Plus, when d = d′, the

larger n has lower ratio of number of detectable errors in a codeword to the
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length of a codeword. Thus, whenever k = k′ and d = d′, the code with the

smaller n value functions better.

With this idea, we eliminated codes which are strictly inferior to the other and

grouped the codes with equal parameters into one, using SAGE. As a result, we were

left with 114 sets of parameters, listed in Appendix I. We left out codes of length

1 because they were obviously uninteresting.

4 Analysis

Once all the obvious eliminations were done, we began to focus on the ratio of

dimension to length and the ratio of distance to length. Although these properties

are contradicting, a code cannot be good without a good balance of both. First,

let us note that we are mainly focusing on codes with a good balance of efficiency

and error detectability. We did not consider a code’s error correctability in depth

because the correctability is in fact proportional to the detectability, and therefore,

should not change our conclusion significantly.

Assuming a perfectly clean channel would be uninteresting because then we would

only be looking for the code with k closest to n. Similarly, assuming an extremely

noisy channel would only require us to look for the code with the largest distance in

relation to n.

With these in mind, we decided to plot these points out using R. Below, we insert

the same figure twice; the only difference is whether they are labeled or not. The

first figure provides a cleaner visual representation of the dot distributions and the

second helps us to identify each dot or group of dots. We separated the perfect codes

from regular cyclic codes by coloring the former in red and the others in blue.

In these figures, the further a point is from origin, the better it is because we

want both a large k/n and d/n (our y-axis and x-axis, respectively).

We decided to rank these codes by peeling off the pareto optimal front of Figure

1 layer by layer. For example, the first rank is comprised of codes such that no other

code is better than it in terms of dimension over length and distance over length.
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Figure 1: Cyclic Code Comparison without Labeling

Figure 2: Cyclic Code Comparison with Labeling
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In other words, codes in rank 1 have no other code that is better than or equal to

them in both dimensions (and strictly better in at least one). The second rank is

comprised of codes such that no other code (not including codes in the first rank) is

better than it in both dimensions. In general, a code in rank N means that there is

no other code in it’s rank or in a worse rank that is better in both dimensions. Note,

in Figures 1 and 2, that the trivial codes and repetition codes are being lined up

along the ceiling and right-hand border. This shows that while they are both good

at either being efficient or detecting/correcting a lot of codes, neither can do both.

This is not very desirable, given our initial assumptions. Because we are assuming

that there isn’t no noise or only noise, we decided to ignore trivial and repetition

codes in our rankings. Our rankings are listed at the beginning of Appendix

By our definition of the two dimensions, we found that the best ranking codes

were all of the parity check codes. There were no other cyclic codes (ignoring the

trivial and repetition codes) that had a better ratio of distance to length or dimension

to length. Rank 2 contains the [7, 4, 3] Hamming code and the [15, 11, 3] Hamming

code, as well as an assortment of other good cyclic codes according to our criteria.

Once we had a clearer understanding of what codes have either high efficiency,

error detectability, or both, we decided to look into how balanced each code was.

Therefore, we tried including another criterion for evaluating the code: the distance

from y = x. The closer the code was to y = x, the better it was.

For example, [3, 2, 2] code has remarkable transmission rate and good error-detect

rate. The code is clearly balanced and functions better than any other trivial or

repetition codes, given a moderately noisy channel and desired level of efficiency.

Thus, we decided to assign values to each code by following rule: the distance

from the origin divided by the distance from y = x. However, it is great pain to

compute the distance of each plot from y = x. Thus, instead of computing the

distance from y = x, we decided to compute b = max( d
k
, k
d
). Then, we plotted the

parameters of the codes on the new plane of which x-axis represents the distance from

the origin, and y-axis is the larger value between the ratio of distance to dimension

and that of dimension to distance. Thus, the plots that are located a bottom-right

area in the Figure 3 are relatively superior. (Note that we truncated all codes with
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a max(k,d) to min(k,d) ratio of more than 4 in order to get a cleaner figure.)

Figure 3: Updated Cyclic Code Comparison with Labeling

5 Conclusion

From our two analyses, we discovered that although all parity bit codes had a high

level of efficiency, they did not perform as well when we considered their balance as

well. In addition, the [15, 11, 3] Hamming code was rated better than some parity bit

codes because it was more balanced. Taking into account the balance, we removed

some codes deemed good by our initial analysis. These are our final choices:

Table 1: Excellent

C(110) [3, 2, 2]
C(1100) [4, 3, 2]

C(1011000) [7, 4, 3]
C(1110100) [7, 3, 4]

6



Table 2: Very Good

C(11000) [5, 4, 2]
C(110110) [6, 2, 4]

C(1100011000) [10, 4, 4]
C(101101000000) [12, 7, 4]
C(110011001100) [12, 3, 6]
C(11011110010000) [14, 5, 6]
C(111010001000000) [15, 7, 5]
C(100111001100000) [15, 6, 6]
C(101001101110000) [15, 5, 7]
C(111101011001000) [15, 4, 8]
C(11101011100000000) [17, 9, 5]
C(10011110010000000) [17, 8, 6]

C(101010110010000000000) [21, 11, 6]
C(110101000111100000000) [21, 9, 8]
C(100011001010111110000) [21, 5, 10]
C(10101110001100000000000) [23, 12, 7]
C(11111001001010000000000) [23, 11, 8]
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Table 3: Good

C(110000) [6, 5, 2]
C(100100100) [9, 3, 3]
C(1010101010) [10, 2, 5]
C(1100011000) [10, 4, 4]

C(10011100000000) [14, 9, 4]
C(110101000000000) [15, 10, 4]
C(10011110010000000) [17, 8, 6]

C(110011011100000000000) [21, 12, 5]
C(101010110010000000000) [21, 11, 6]
C(110101000111100000000) [21, 9, 8]
C(100011001010111110000) [21, 5, 10]
C(101100010110001011000) [21, 4, 9]
C(10101110001100000000000) [23, 12, 7]
C(11111001001010000000000) [23, 11, 8]
C(1100011000110001100011000) [25, 4, 10]
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