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1 Introduction

In Lamé’s initial attempted proof of Fermat’s Last Theorem, Lamé factored xp + yp

in Q(ζp) as
∏p−1

i=1 (x + ζipy) and showed that these factors are pairwise coprime. He

then asserted that each term would be a pth power, which relied erroneously on unique
factorization. Kummer salvaged this idea in certain cases, and was able to show that,
for certain primes, each term could be expressed as a unit times a pth power. Therefore,
in order to derive a contradiction and complete the proof of Fermat’s Last Theorem for
these specific primes, Kummer had to fully understand the units of cyclotomic fields.
In this paper, we will state and prove Kummer’s Lemma, which gives a description of
these units. We will then briefly introduce cyclotomic units, a subgroup of the full unit
group that is related to the class number of cyclotomic fields.

2 Kummer’s Lemma

Kummer’s Lemma states:

Lemma 1 (Kummer’s Lemma). Every unit of Z[ζp] is of the form rζgp where r ∈ R
and g ∈ Z.

Proof. Let ε be a unit of Z[ζp]. Since ε ∈ Z[ζp], there exists a polynomial, e(t) ∈
Z[t] satisfying ε = e(ζp). The conjugates of ε are εs = e(ζsp). This implies N(ε) =
ε1 · · · εp−1 = ±1. For each εs, there is a complex conjugate pair

εp−s = e(ζp−s
p ) = e(ζ−s

p ) = e(ζsp) = εs.

Therefore,
±1 = N(ε) = (ε1εp−1)(ε2εp−2) · · · = |ε1|2|ε2|2 · · · > 0.

Thus the norm of ε is 1. Moreover, since the ring of units is closed under multiplication,
each εs/εp−s is also a unit, and by a symmetric polynomial argument

p(t) =

p−1∏
s=1

(t− εs/εp−s)
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has coefficients in Z. Since p(t) ∈ Z[t] is a monic polynomial, every zero in C is a root
of unity by Lemma 11.6 in [1]. Moreover, roots of unity in Z[ζp] are ±ζsp for an integer,
s by Lemma 11.4 in [1]. Thus, for some integer u,

ε/εp−1 = ±ζup .

Since p is odd, either u or u + p must be even. Therefore, we can rewrite the above
equation as

ε/εp−1 = ±ζ2gp
for 0 < g ∈ Z. Define the ideal a = 〈λ〉 of Z[ζp] where λ = 1 − ζp. As a direct result
of Lemma 11.3b in [1], every element of Z[ζp] is congruent to one of 0, 1, 2, . . . p − 1
modulo a. Let v ∈ Z be such that

ζ−g
p ε ≡ v mod a.

If we take complex conjugates,

ζgp εp−1 ≡ v mod 〈λ〉.

However, λ = 1− ζp−1
p is an associate of λ, thus the ideal generated by λ is equivalent

to a. Therefore,
ε/εp−1 ≡ ζ2gp mod a.

If ε/εp−1 = −ζ2gp , then

−ζ2gp ≡ ζ2gp mod a

which again implies
a|2ζ2gp

Hence, taking norms,
N(a)|2p−1

which contradicts Lemma 11.3 in [1] which states that N(〈λ〉) = p. Therefore, ε/εp−1

must be ζ2gp . Rearranging the equation results in

ζ−g
p ε = ζgεp−1.

The fact that the two sides of the equation are complex conjugates implies they are
both real numbers. Therefore, ζ−g

p ε = r ∈ R, so ε = rζgp , as desired.

Example 1. Using Kummer’s Lemma, we can find all of the units in Z[ζ3], which is
the ring of integers of Q(ζ3). If we express ζ3 = 1

2 (−1 +
√
−3), and let ε ∈ Z[ζ3] be a

unit, then ε = (a− 1
2 (b+ c))+ 1

2 (b− c)
√
−3 for some a, b, c ∈ Z. We know that ±1,±ζ3,

and ±ζ23 are units, because they have norm 1 in Q(ζ3). If we apply Kummer’s Lemma,
we can show that these are the only units in Z[ζ3]. Indeed, we get three cases,

ε = (a− 1

2
(b+ c)) +

1

2
(b− c)

√
−3 =


r

rζ = − 1
2r + 1

2r
√
−3

rζ2 = − 1
2r −

1
2r
√
−3

.
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In the first case, if ε = r, the the imaginary part of u is 0, so b− c = 0, which tells us
that b = c. By comparing real parts, we get r = (a− 1

2 (b+ c)) = (a− 1
2 (2b)) = a− b.

Therefore, r is an integer with norm 1 in Q(ζ3). Therefore, r = ±1. In the second two
cases, if ε = − 1

2r + 1
2r
√
−3, by comparing imaginary parts we again get b − c = r, so

r ∈ Z. If r 6= 1, then N(ε) = N(rζg3 ) = N(r) · 1 = r2. Since ε is a unit, we must have
r = ±1. Therefore, in all cases, r = ±1, so the only units are ±1,±ζ3, and ±ζ23 .

3 Cyclotomic Units

Having established a significant amount of information about the units of cyclotomic
fields in general, we now switch our focus towards a particular subcategory of units,
called the cyclotomic units. First, we denote the full unit group of Q(ζp) by Ep. Then,
define Vp = 〈{±ζp, 1− ζap |1 ≤ a ≤ p− 1}〉. Now we define the set of cyclotomic units,
denoted Cp, as Cp = Vp ∩Ep. In other words, the cyclotomic units are all of the units
that are products of ±ζp and 1 − ζap , for a ∈ Z. There are many interesting results
regarding this subset of the unit grouprelated to the maximal real subfield of Q(ζp),
denoted Q(ζp)+. As the name implies, Q(ζp)+ = Q(ζp)∩R. However, we can be more
explicit:

Claim 1. Q(ζp)+ = Q(ζp + ζ−1
p ).

It is clear that ζp + ζ−1
p is fixed by complex conjugation, and thus is real, but we

will omit a proof of the maximality of this subfield. The reason we are interested in
this subfield is that the cyclotomic units of Q(ζp) are closely related to the cyclotomic
units of Q(ζp)+, as we see in the following lemma, which we again state without proof.

Lemma 2. a) The cyclotomic units of Q(ζp)+ are generated as a multiplicative group

by −1 and the units ζ(1−a)/2
p

1− ζap
1− ζp

, where 1 < a < p
2 .

b) The cyclotomic units of Q(ζp) are generated by ζp and the cyclotomic units of Q(ζp)+.

With this lemma, we can fully classify the cyclotomic units of many cyclotomic
fields.

Example 2. We will use this lemma to generate all of the cyclotomic units in Q(ζ5).
The only integer a that satisfies 1 < a < 5

2 is a = 2. Therefore, the generators of the
cyclotomic units in Z[ζ5] are −1 and

ζ(1−2)/2
p

1− ζ2p
1− ζp

= ζ−1/2
p (1 + ζp) = ζ−1/2 + ζ−1/2 =

1

2
(1 +

√
5).

Therefore, the cylcotomic unit group of Z[ζ5] is generated by

{−1,
1

2
(1 +

√
5), ζ5}.

This lemma is useful not only for computing cyclotomic units, but also for proving
a surprising result that relates the cyclotomic units, the full unit group, and the class
number.
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Theorem 1. The cyclotomic units form a subgroup of the full unit group. Furthermore,
if we denote the cyclotomic units of Q(ζp) by Cp, the cyclotomic units are of finite
index in the full unit group Ep, and if we denote the class number of Q(ζp)+ by h+p ,
[Ep : Cp] = h+p .

This theorem is quite powerful; one application is that if we can compute that
h+p = 1, then we know that the cyclotomic units are an index 1 subgroup in the full
unit group, and therefore every unit is a cyclotomic unit. For instance, Q(ζp)+ =
Q(ζ5 + ζ−1

5 = Z[
√

5] where factorization is unique, so h+5 = 1, and the cyclotomic units
found in Example 2 are in fact all of the units in Q(ζ5). In general when h+p = 1, we
can reduce the difficult task of finding all the units of Q(ζp) to the much easier task of
finding all the cyclotomic units of Q(ζp), which can be done by Lemma 2. Additionally,
while it is not always true that hp = h+p , it is always true that h+p |hp.

Unfortunately, it is difficult to compute h+p in general for large values of p. In 2013,
Miller showed in [3] that h+p = 1 for p ≤ 151, and it is suspected that this is true for
many more values of p, though not all p.
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