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Abstract

Fractal sets are irregular sets, exhibiting interesting properties. Some
well-known fractal sets are the Cantor set, the Sierpinski triangle, and the
von Koch snowflake. All of these examples are constructed iteratively.
Furthermore, they have the property of self-similarity; that is, they con-
tain scaled copies of themselves. Closely tied to the study of fractal sets
is the study of measure. Measure, however, encompasses more than the
traditional notions of length, area, and volume. Therefore, in this paper,
we explore the Lebesgue measure and Hausdorff measure. Furthermore,
tied closely to this is the notion of fractal sets. Therefore, we examine
multiple self-similar fractal sets and their associated dimensions.

We briefly touch upon other irregular sets that are not self-similar,
namely Besicovitch sets. These are subsets of Rd that contain line seg-
ments in every direction. Along the way, we apply our ideas of measure to
these sets, and we find their associated Hausdorff dimensions in R2. Fi-
nally, we arrive at the open Kakeya Conjecture concerning their Hausdorff
dimensions for d > 2.
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1 Measure Theory and Lebesgue Measure

1.1 Introduction to Measure Theory

The notion of measure is fundamental to many areas of mathematics. A measure
is a map that assigns a non-negative number to each element of a family of sets
in Rd, which can be interpreted as the size of that set. First, we will focus on the
Lebesgue measure of a set E, denoted as m(E), which agrees with our intuitive
notions of size in dimensions 1, 2, and 3. That is, in one dimension, m(E) is
the ”length” of E; in two dimensions, it is the ”area”; and in three and higher
dimensions, it is analagous to ”volume”. We require our measure to uphold the
following few conditions.

(i) m(E) = b− a if E is the interval [a, b].

(ii) m(E) =

∞∑
n=1

m(En) whenever E =

∞⋃
n=1

En and the sets En are pairwise

disjoint. Note that this condition is the countable additivity property of
the measure m, and it implies the special case of finite additivity. However,
countable additivity is indispensable when measuring sets with countable
covers.

(iii) m(E + h) = m(E), for every h ∈ R. This condition requires our measure
to be invariant under translations.

Now that we have discussed some basic conditions that we require our measure
to uphold, we turn to the concept of Lebesgue measure.

This chapter is devoted to the construction of Lebesgue measure in Rd, but
we must first introduce the concept of exterior measure. The main idea of the
exterior measure is to calculate the ”volume” or ”measure” of a set E ⊂ Rd by
approximating it with a union of cubes with known volume. This union of sets
is referred to as a cover of a set E if it contains E as a subset. With this notion
of exterior measure, we can then define measurability. By restricting to a class
of sets, which we call Lebesgue measurable, we can define a measure that is
countably additive.

In this chapter, we give an introduction to Lebesgue measure and abstract
measure theory, following Stein in [2, Chapters 1 and 6].

1.2 Exterior Measure

The exterior measure is the first concept we introduce that gives us a notion
of size. As the name suggests, the exterior measure attempts to measure the
volume of a set E by approximating it from the outside by covering it with
cubes. Intuitively then, as the covering is refined by using more cubes, the
volume of E should be close to the sum of the volumes of the cubes.
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More precisely, if E is any subset of Rd, then the exterior measure of E is

m∗(E) = inf

∞∑
j=1

|Qj |

where the infimum is taken over all countable coverings E ⊂
∞⋃
j=1

Qj by closed

cubes. Specifically, we define n-dimensional closed cubes as the product of n
closed intervals, and |Qj | represents the volume in the traditional sense of each
closed cube.

Here are a few initial observations and insights from this definition.

(i) The exterior measure is always non-negative, but it could be infinite.
Therefore, 0 ≤ m∗(E) ≤ ∞.

(ii) The specification of countable coverings is important in this definition, as
it would not suffice to allow a finite number of covers. This is because
the quantity found by coverings of E by finite unions of cubes is generally
larger than m∗(E).

(iii) It is not necessary for the countable coverings of E to be composed of
closed cubes. They may be composed of closed rectangles or of closed
balls. These alternatives yield the same exterior measure.

We now provide some simple examples of sets and their exterior measure in
order to confirm that the exterior measure matches our intuitive idea of measure.

EXAMPLE 1: The exterior measure of the empty set is zero since an arbitrarily
small cube will cover it.

EXAMPLE 2: The exterior measure of a point is also zero. Similarly, this is
because an arbitrarily small cube will cover a point.

EXAMPLE 3: The exterior measure of a closed cube is equal to its volume. In
other words, for a closed cube Q in Rd, m∗(Q) = |Q|. We can prove this by
proving two inequalities: m∗(Q) ≤ |Q| and m∗(Q) ≥ |Q|. The first inequality
holds since Q covers itself. The second inequality requires more detail. Consider

an arbitrary covering Q ⊂
∞⋃
j=1

Qj by cubes. It now suffices to show that |Q| ≤

∞∑
j=1

|Qj |. Let ε > 0. We can choose for each j, an open cube Sj which contains

Qj such that |Sj | ≤ (1 + ε)|Qj |. Then

∞⋃
j=1

Sj is an open covering of the compact

set Q, so we may find a finite subcovering, Q ⊂
N⋃
j=1

Sj . Taking the closure of
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the cubes Sj , we apply monotonicity and sub-addivity to obtain

|Q| ≤
N∑
j=1

|Sj |

≤ (1 + ε)

N∑
j=1

|Qj |

≤ (1 + ε)

∞∑
j=1

|Qj |.

Since ε is arbitrary, we obtain that m∗(Q) ≥ |Q|.

EXAMPLE 4: The exterior measure of an open cube is also equal to its volume.
The proof is very similar to the proof of the above example, and thus, we leave
it to the reader, c.f.[2].

EXAMPLE 5: The exterior measure of Rd is infinite. Notice that any covering
of Rd is also a covering of any cube Q ⊂ Rd, so m∗(Rd) ≥ |Q|. Since Q can
have arbitrarily large volume, m∗(Rd) =∞.

We now introduce and prove some key properties of the exterior measure.
First, we remark the following that is obtained from the definition. For every

ε > 0, there exists a covering E ⊂
∞⋃
j=1

Qj with

∞∑
j=1

m∗(Qj) ≤ m∗(E) + ε.

Property 1: Monotonicity If E1 ⊂ E2, then m∗(E1) ≤ m∗(E2).
If E1 ⊂ E2, then any covering of E2 is also a covering of E1. Therefore,

m∗(E1) ≤ m∗(E2).

Property 2: Countable sub-additivity If E =

∞⋃
j=1

Ej , then

m∗(E) ≤
∞∑
j=1

m∗(Ej).

First, we assume that each m∗(Ej) <∞ since if this is not true, the inequal-
ity clearly holds. Let ε > 0 be given. Since each Ej is measurable, by definition,

there is a covering Ej ⊂
∞⋃
j=1

Qk,j by closed cubes with

∞∑
j=1

|Qk,j | ≤ m∗(Ej) + ε/2j .

4



Then

∞⋃
j=1

Qk,j is also a covering of E by closed cubes, and therefore,

m∗(E) = inf
∑
k,j

|Qk,j | ≤
∑
k,j

|Qk,j |

≤
∑
j

∑
k

|Qk,j |

≤
∑
j

(m∗(Ej) + ε/2j)

≤
∞∑
j=1

m∗(Ej) + ε.

Since ε is arbitrary, we obtain the desired result.

Property 3: Finite additivity If E1 and E2 are measurable, d(E1, E2) > 0,
and E = E1 ∪ E2, then

m∗(E) = m∗(E1) +m∗(E2).

By sub-additivity, we already know that m∗(E) ≤ m∗(E1)+m∗(E2). There-
fore, we only need to prove the reverse inequality. To do so, choose a δ such

that 0 < δ < d(E1, E2) and let ε > 0 be given. Choose a covering E ⊂
∞⋃
j=1

Qj

by closed cubes with

∞∑
j=1

|Qj | ≤ m∗(E) + ε and diam Qj < δ. Because of this

restriction on its diameter, Qj can intersect at most one of the two sets E1 and
E2. Let J1 and J2 be the sets of those indices j for which Qj intersects E1

and E2, respectively. Then, J1 ∩ J2 = ∅ and E1 ⊂
⋃
j∈J1

Qj and E2 ⊂
⋃
j∈J2

Qj .

Therefore,

m∗(E1) +m∗(E2) ≤
∑
j∈J1

|Qj |+
∑
j∈J2

|Qj |

≤
∞∑
j=1

|Qj | since not all j may be in J1 ∪ J2

≤ m∗(E) + ε.

Since ε is arbitrary, we obtain the desired result.

Although this additivity property holds for finite disjoint subsets, it unfor-
tunately does not hold when we expand to the case of countably infinite disjoint
subsets. Therefore, in order to obtain this property, we switch over to the
Lebesgue measure, which we explain in the following section.
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1.3 Lebesgue Measure

The Lebesgue Measure adopts the properties of the exterior measure, but iso-
lates a collection of subsets in Rd so that it may take on further properties
that are not satisfied by the exterior measure. Formally, a subset E of Rd is
Lebesgue measurable, or simply measurable, if for any ε > 0, there exists
an open set E ⊂ O such that m∗(O − E) ≤ ε. In other words, the set E is
measurable if its measure can be approximated by the measure of an open cover
of E. If E is measurable, then we define its Lebesgue measure, or simply
measure, to be

m(E) = m∗(E).

Clearly, the Lebesgue measure inherits all of the properties of the exterior mea-
sure.

From this definition, we observe that many of the sets that we encounter are
measurable and behave well under set operations.

EXAMPLE 1: Every open set in Rd is measurable.
This follows by the definition of measure.

EXAMPLE 2: A countable union of measurable sets is measurable.

Let E =

∞⋃
j=1

Ej , where each Ej is measurable, and let ε > 0 be given. By

the definition of measure, we may choose an open set Ej ⊂ Oj such that

m∗(Oj − Ej) ≤ ε/2j . Then O =

∞⋃
j=1

Oj is open since it is a union of open

sets. Furthermore, E ⊂ O, and so (O−E) ⊂
∞⋃
j=1

(Oj −Ej). Then, by using the

monotonicity and sub-additivity properties,

m∗(O − E) ≤ m∗

 ∞⋃
j=1

(Oj − Ej)

 ≤ ∞∑
j=1

(Oj − Ej) ≤ ε.

Therefore, E is measurable.

For the next few examples, we leave the proofs to the reader, c.f. [2].

EXAMPLE 3: Closed sets are measurable.

EXAMPLE 4: The complement of a measurable set is measurable.

EXAMPLE 5: A countable intersection of measurable sets is measurable.

Using these examples, we may prove the following theorem.
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Theorem 1.1. Suppose E is measurable and ε > 0 is given.

(i) Then there exists an open set O with E ⊂ O and m(O − E) ≤ ε.

(ii) There also exists a closed set F with F ⊂ E and m(E − F ) ≤ ε.

Proof. The proof of (i) is easy since this is the definition of a measurable set.
The proof of (ii) requires some more detail. Since E is measurable, Ec is also
measurable. Then there exists an open set O such that Ec ⊂ O and m(O−Ec) ≤
ε by the first part of this theorem. Define F = Oc. Then F is closed, F ⊂ E,
and E − F = O − Ec. Therefore,

m(E − F ) = m(O − Ec) ≤ ε.

Now we show that the Lebesgue measure satisfies the countable additivity
property.

Property 4: Countable additivity If E1, E2, ... are disjoint measurable sets

and E =

∞⋃
j=1

Ej , then m(E) =

∞∑
j=1

m(Ej).

First, let us consider the case where Ej is bounded. For given ε > 0, we may
choose a closed subset Fj ⊂ Ej such that m∗(Ej −Fj) ≤ ε/2. For each fixed N ,
the sets F1, ..., FN are compact since they are closed and bounded. Therefore,

each Fj is pairwise disjoint j ≤ N . Thus, m

 N⋃
j=1

Fj

 =

N∑
j=1

m(Fj) by finite

additivity. Since

N⋃
j=1

Fj ⊂ E, then by sub-additivity,

m(E) ≥
N∑
j=1

m(Fj) ≥
N∑
j=1

m(Ej)− ε.

Tending N to infinity, and since ε is arbitrary, we find that

m(E) ≥
∞∑
j=1

m(Ej).

We obtain the reverse inequality by using the sub-additivity property. There-
fore, we have proved that this property holds for bounded Ej .

To prove the general case, we will use that this property holds for the
bounded case. First, we select a sequence of cubes {Qk}∞k=1 that increases to Rd

such that Qk ⊂ Qk+1 for all k ≥ 1 and

∞⋃
k=1

Qk = Rd. We then let S1 = Q1 and
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Sk = Qk − Qk−1 for all k ≥ 2. Let us define Ej,k = Ej ∩ Sk to be measurable
sets such that

E =
⋃
j,k

Ej,k.

In other words, we split up Ej into bounded pieces according to Sk. Therefore,
every Ej,k is bounded. The union is disjoint since Sk are disjoint for all k.

Furthermore, Ej =

∞⋃
k=1

Ej,k, and this union is disjoint as well. Combining these

facts with the countable additivity property for the bounded Ej case, we find

m(E) =
∑
j,k

m(Ej,k) =
∑
j

∑
k

m(Ej,k) =
∑
j

m(Ej).

With this, we now see that the Lebesgue measure indeed is countably addi-
tive. However, this is only possible when we restrict to a certain type of sets,
and intentionally ”throw away” those that do not behave well.

Formally, these are called Borel sets, which are sets that can be formed from
open sets through the set operations of unions, intersections, and complements.
This definition is quite general and encompasses the sets that we generally
encounter. The collection of all Borel sets, we call a Borel σ-algebra. In
general, a σ-algebra of sets is a collection of subsets of Rd that is closed under
countable unions, countable intersections, and complements.

Therefore, a Borel σ-algebra in Rd, denoted by BRd , is a σ-algebra generated
by the open sets. It is defined to be the smallest σ-algebra that contains all open
sets. Here, the term smallest means that if S is any σ-algebra that contains all
open sets in Rd, then BRd ⊂ S. This is clear since we redefine BRd as the
intersection of all σ-algebras that contain the open sets. Therefore, the Borel
σ-algebra exists and is unique.

Since open sets are measurable, the Borel σ-algebra is a subset of the σ-
algebra of measurable sets.

1.4 Construction of a Non-Measurable Set

As implied in the previous section, unlike exterior measure, not all sets are
Lebesgue measurable. Indeed, using the Axiom of Choice, we can construct a
non-measurable subset in R1.

First and the foremost, let us define a relation x ∼ y on the real numbers
in [0, 1]; we say x ∼ y if and only if x − y ∈ Q. This relation is an equivalence
relation since it is reflexive, symmetric, and transitive.

Consider two equivalence classes, Ex and Ey. Let us assume a ∈ Ex and
b ∈ Ey, and suppose a − b ∈ Q. Then, for any xk ∈ Ex and yk ∈ Ey, there
exist rational numbers r1 and r2 satisfying a = xk − r1 and b = yk − r2. Thus,
xk − yk = r1− r2 + a− b ∈ Q since the set of rationals is closed under addition,
which gives Ex = Ey.
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Hence, Ex and Ey are either totally disjoint or identical. Since we defined
the equivalence relation on [0, 1], we obtain the following.

[0, 1] =
⋃
α

Eα

Now, we construct a set N by choosing exactly one element xα from each
Eα by the Axiom of Choice.

Theorem 1.2. The set N is not measurable.

Proof. Let us assume N is measurable, and let {rk}∞k=1 be the set of all rational
numbers in [−1, 1]. Let us denote Nk as a translation of the original set N . In
other words,

Nk = N + rk.

Recall that N is constructed by choosing exactly one element from each equiv-
alence class. Then for any element xk ∈ Nk and xj ∈ Nj where k 6= j, xk 6= xj .
Thus, for any Nk and Nj where k 6= j, they are pairwise disjoint.

The union of all Nk contains
⋃
α

Eα. Therefore, it contains the interval [0, 1].

Furthermore, the minimum of the union is −1, and the maximum is 2. Thus,

[0, 1] ⊂
∞⋃
k=1

Nk ⊂ [−1, 2].

Since we assumed N to be measurable, so is the union of Nk. By applying
monotonicity, we find that

1 = m([0, 1]) ≤ m

( ∞⋃
k=1

Nk

)
≤ m([−1, 2]) = 3.

Since for every j, k, Nj and Nk are pairwise disjoint, by countable additivity,

m

( ∞⋃
k=1

Nk

)
=

∞∑
k=1

m(Nk).

From the invariance property of the Lebesgue measure, we obtain that m(N ) =
m(Nk) for any k. Hence,

1 ≤
∞∑
k=1

m(N ) ≤ 3.

However, there are no real numbers satisfying this inequality. Therefore, N does
not satisfy the countable additivity property, and N is not measurable.

9



1.5 The Cantor Set

The Cantor set appears frequently in the studies of set theory and analysis. It
is an important example when exploring Measure Theory, as it holds unusual
properties that give way to enlightening insights.

We begin by describing its construction, which occurs in stages. The first is
the closed unit interval C0 = [0, 1]. The next is C1, which is the set obtained
by deleting the middle third open interval from [0, 1]. In other words,

C1 =

[
0,

1

3

]
∪
[

2

3
, 1

]
.

To obtain the next stage, we repeat this procedure for each sub-interval of C1.
Precisely,

C2 =

[
0,

1

9

]
∪
[

2

9
,

1

3

]
∪
[

2

3
,

7

9

]
∪
[

8

9
, 1

]
.

Figure 1: The first 4 stages of the construction of the Cantor set

Likewise, we perform the same process for each sub-interval of C2 and so on
at every stage, as seen in Figure 1. To obtain any stage of the construction, we
remove the open middle third of each sub-interval of the previous stage. This
results in a sequence {Ck}, k = 0, 1, 2, ... where each Ck is the union of 2k closed
intervals of length 3−k and

C0 ⊃ C1 ⊃ C2 ⊃ · · · ⊃ Ck ⊃ Ck+1 ⊃ · · ·

The Cantor set C is the countable intersection of all Ck’s,

C =

∞⋂
k=0

Ck.

We note that C is not empty since the end-points of any closed interval in Ck
are never deleted in the construction. Therefore, all end-points are in Ck for all
k and hence, in their intersection.

Although the construction is rather simple, the Cantor set exhibits interest-
ing features. Here are a few that we gather from the construction and definition.
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(i) C is compact since Ck is closed and bounded for all k.

(ii) C is totally disconnected. To see this, let x, y be two distinct points in C.
Since x 6= y, then |x− y| > 0. Moreover, there exists an N > 0 such that
|x − y| > 1

3N
. Since C ⊂ Ck for all k, x, y ∈ Ck for all k. However, since

CN is comprised of 2N disjoint closed intervals of length 1/3N , x and y are
in distinct closed intervals in CN . Therefore, there exists an open interval
between x and y that is not in C. Therefore, C is totally disconnected.

(iii) C is perfect. In other words, it has no isolated points. To see this, suppose
we are given ε > 0 and x ∈ C. Choose N such that 1/3N < ε. Since x ∈ C,
x ∈ CN , specifically in an interval, Ix ⊂ CN such that |Ix| = 1/3N . Let
y 6= x be one of the endpoints of Ix. We know that y ∈ C since it is an
endpoint. Then |y − x| ≤ 1/3N < ε. Therefore, any point x ∈ C is not an
isolated point.

In order to prove some other properties of the Cantor set, we introduce
the Cantor-Lebesgue function F (x). F is defined on the Cantor set by
expressing x ∈ C in base 3 as a sequence of 0’s, 1’s, and 2’s. In other words,

x =

∞∑
k=1

ak3−k where ∀k, ak ∈ {0, 1, 2}.

Because the ith step of the construction of the Cantor set removes the middle
third of each interval, any number in the Cantor set can be expressed as a unique
sequence, {ak}, in which ak = 0 or 2. Then, by replacing the 2’s with 1’s, we
transform this ternary expansion into a binary expansion, creating a sequence
{bk} where bk = ak/2 for ak = 0 or 2. Thus, the Cantor-Lebesgue function
F : C → [0, 1] can be defined as

F (x) =

∞∑
k=1

bk
2k
.

We now provide some properties of this function.

(i) F (x) is continuous on C. For any ε > 0, choose n such that 1/2n < ε, and
set δ = 1/3n. If x, y ∈ C and |x−y| < δ, then they lie in the same interval
at the nth step of the construction of the Cantor set. Thus, the first n
places of their ternary expansions are the same. Therefore,

|F (x)− F (y)| =
∞∑

k=n+1

bk
2k
≤ 1

2n
< ε

and the function is continuous.

(ii) F (x) is surjective onto [0, 1]. This is because for any y ∈ [0, 1], y has a
binary expansion y =

∑∞
k=1

bn
2k

. We may reverse the translation from a
binary expansion to a ternary expansion by replacing the 1’s with 2’s, and
obtain a number in the Cantor set.
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(iii) Now, we may extend the function F (x) to a continuous function on [0, 1]
by setting F (y) = sup{F (x) | x ≤ y, x ∈ C} if y is in the complement of
C, which we denote as Cc. Because Cc is open, for y ∈ Cc, F is constant
in a neighborhood of y. Therefore, it is continuous on Cc. Now we must
show that F is continuous on [0, 1]. For x ∈ C, choose δ = 1/3n as in (i)
so that if y ∈ C and |x − y| < δ, then |F (x) − F (y)| < ε. Next, choose
y1, y2, such that x− δ < y1 < x < y2 < x+ δ. Because F is increasing,

F (x− δ) < F (y1) < F (x) < F (y2) < F (x+ δ).

Let δ′ = min(x− y1, y2 − x). Then for any |x− z| < δ′, if z ∈ C, we have
|F (x)− F (z)| < ε from the above. If z ∈ Cc, then

F (x)− ε < F (y1) < F (z) < F (y2) < F (x) + ε.

Therefore, |F (x)− F (z)| < ε, and F is continuous.

The Cantor-Lebesgue function plays an important role when trying to prove
certain properties of the Cantor set. From (ii), we have the following theorem.

Theorem 1.3. The Cantor set is uncountable.

We have just shown that the Cantor-Lebesgue function surjectively maps C
onto [0, 1]. From this we may conclude that C is uncountable.

Nevertheless, when we think of the Cantor set in relation to Lebesgue mea-
sure, we find the following seemingly contradictory claim.

Theorem 1.4. The Lebesgue measure of the Cantor set is 0.

Proof. To see this, recall the construction of the Cantor set as C =

∞⋂
k=0

Ck, with

C ⊂ Ck, where each Ck is a disjoint union of 2k closed intervals, each of length
3−k. Then, by the monotonicity property, m(C) ≤ m(Ck) ≤ (2/3)k for all k.
Since k can be arbitrarily large, m(C) = 0.

In this way, we find an unsatisfactory result when using the Lebesgue mea-
sure. We would intuitively wish for an uncountable set, such as the Cantor set,
to have a measure that is larger than 0. Therefore, we are motivated to explore
other measures.

1.6 Carathéodory Measureable

Similar to our approach when constructing the Lebesgue measure, we first de-
velop a notion of ”exterior” measure before defining measurability. Let X be a
set. An exterior measure µ∗ on X is a function from the collection of all subsets
of X to [0,∞] that satisfies the following properties.

(i) µ∗(∅) = 0.
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(ii) If E1 ⊂ E2, then µ∗(E1) ≤ µ∗(E2).

(iii) If E1, E2, ... is a countable family of sets, then

µ∗

 ∞⋃
j=1

Ej

 ≤ ∞∑
j=1

µ∗(Ej).

For example, the exterior Lebesgue measure m∗ in Rd enjoys all of these prop-
erties.

Given an exterior measure µ∗, we now define the corresponding notion of
measurable sets. In the case of the Lebesgue measure on Rd, such sets are
characterized by their difference in measure from an open set. When measuring
subsets of X, such that X is not necessarily a metric space, Carathéodory found
an ingenious substitute condition.

A set E in X is Carathéodory measurable or simply measurable if

µ∗(A) = µ∗(E ∩A) + µ∗(E
c ∩A) ∀A ⊂ X.

In other words, if E separates any set A into two parts with respect to the
function µ∗, then the set A is measurable. This notion of measurability turns
out to be equivalent to Lebesgue measurablility if X = Rd.

Note that in order to prove that a set E is measurable, it suffices to verify
that

µ∗(A) ≥ µ∗(E ∩A) + µ∗(E
c ∩A) ∀A ⊂ X

since the reverse inequality is verified by the sub-additivity property of the
exterior measure. Additionally, we see that sets of exterior measure zero are
necessarily measurable since the above statement trivially holds.

Theorem 1.5. Given an exterior measure µ∗ on a set X, the collection M of
Carathéodory measurable sets form a σ-algebra. Moreover, µ∗ restricted to M
is a measure.

Proof. From the above, ∅ belongs to M, and by symmetry, Ec ∈ M whenever
E ∈M. Thus, M is non-empty and closed under complements.

Next, we prove that M is closed under finite unions of disjoint sets, and µ∗
is finitely additive on M. If E1, E2 ∈M, and A ⊂ X, then

µ∗(A) = µ∗(E2 ∩A) + µ∗(E
c
2 ∩A)

= µ∗(E1 ∩ E2 ∩A) + µ∗(E
c
1 ∩ E2 ∩A) + µ∗(E1 ∩ Ec

2 ∩A) + µ∗(E
c
1 ∩ Ec

2 ∩A)

≥ µ∗((E1 ∪ E2) ∩A) + µ∗((E1 ∪ E2)c ∩A)

In the above, we use the measurability of E1 and E2 and obtain that E1∪E2 ∈M
by using the sub-additivity of µ∗ and that

E1 ∪ E2 = (E1 ∩ E2) ∪ (Ec
1 ∩ E2) ∪ (E1 ∩ Ec

2).
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Note that if E1 and E2 are disjoint, then we find that the statement is an
equality.

Finally, we show that M is closed under countable unions of disjoint sets,
and that µ∗ is countably additive on M. Let E1, E2, ... denote a countable

collection of disjoint sets in M, and define Gn =

n⋃
j=1

Ej and G =

∞⋃
j=1

Ej .

Since Gn is a finite union of sets in M, Gn ∈ M for each n. This implies
that for any A ⊂ X

µ∗(Gn ∩A) = µ∗(En ∩ (Gn ∩A)) + µ∗(E
c
n ∩ (Gn ∩A))

= µ∗(En ∩A) + µ∗(Gn−1 ∩A)

=

n∑
j=1

µ∗(Ej ∩A).

Here, we used induction to obtain the last equality. Since we know thatGn ∈M,
we can write

µ∗(A) = µ∗(Gn ∩A) + µ∗(G
c
n ∩A).

We can then substitute for µ∗(Gn ∩ A). Additionally, we use that Gc ⊂ Gc
n to

obtain the following inequality

µ∗(A) ≥
n∑
j=1

µ∗(Ej ∩A) + µ∗(G
c ∩A).

By tending n to infinity, we obtain

µ∗(A) ≥ µ∗(G ∩A) + µ∗(G
c ∩A).

Thus, we find the µ∗ is countably additive on M.
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2 Hausdorff Measure and Fractal Sets

In this section, we use Theorem 1.5 to construct another measure, which
is closely related to the idea of dimension. To get an intuitive grasp on the
relationship between a set and its dimension, we may think of how a set repli-
cates under scaling. In other words, given a set E, suppose that for n > 0,
nE = E1 ∪E2 ∪ ...∪Em where Ej are m almost disjoint congruent copies of E.

If E is a line segment, scaling by n leads to n almost disjoint congruent
copies of E, thereby m = n. If E is a square, scaling by n leads to n2 congruent
copies of E, thereby m = n2. Lastly, if E is a cube, scaling by n leads to n3

congruent copies of E, thereby m = n3. Notice here that in all three examples,
the exponent α in m = nα is also the dimension of the set. See Figure 2. Now,
consider what happens when E is the Cantor set. If we scale it by 3, then we
find that 3C contains two congruent copies of C in the intervals [0,1] and [2,3].
Here, n = 2, m = 3, and α = log 2/ log 3. From our previous observation, we are
now tempted to conclude that the dimension of the Cantor set is log 2/ log 3. We
will now make this idea precise and define measures in relation to dimension.

Figure 2: Corresponding set E is dimensions 1, 2, and 3, and the result of
scaling them by 2.

2.1 Introduction

While the Lebesgue measure coincides in dimensions 1, 2, and 3, with length,
area, and volume, respectively; in order to understand Hausdorff measure, we
must first introduce a new notion of volume. Hausdorff measure depends strictly
on the idea of dimension of a set E in Rd, which we introduce more rigorously
later. For now, we consider the α-dimensional Hausdorff measure, mα(E), as
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representing the α-dimensional mass of E among sets of dimension α. If α is
larger than the dimension of the set E, the set compared to the dimension has
negligible mass. Thus, mα(E) = 0. On the other hand, if α is smaller than the
dimension of E, then E is very large in comparison; therefore, mα(E) = ∞.
Finally when α is the dimension of E, mα(E) represents the α-dimensional size
of the set E.

Recall that the Cantor set has Lebesgue measure zero, but is uncountable.
This statement means that C has 1-dimensional mass equal to zero, but has
infinite 0-dimensional mass. Thus, we suspect the dimension of C is neither 0
nor 1, but rather somewhere in between. Recall that our intuition based on
scaling expects the dimension of C to be log 2/ log 3. By using our new notion of
α-dimensional measure, we prove exactly that. Specifically, we prove the Cantor
set has fractional dimension of α = log 2/ log 3, and that the corresponding
Hausdorff measure of C is positive and finite.

For this introduction to Hausdorff measure and fractal sets, we follow Stein’s
[2, Chapter 7].

2.2 Exterior Hausdorff Measure

For α > 0, we introduce the exterior α-dimensional Hausdorff measure. How-
ever, in order to define this, we first introduce the following quantity. For a
subset E of Rd and δ > 0, define

Hδα(E) = inf

{∑
k

(diam Fk)α | E ⊂
∞⋃
k=1

Fk,diam Fk ≤ δ ∀k

}
(1)

where diam Fk = sup{|x − y| | x, y ∈ Fk}. In other words, for each δ > 0, we
consider the countable collection of sets with diameter less than δ that cover E.
We will call this collection Uδ(E). Out of this collection of covers, we find the

infimum of
∑
k

(diam Fk)α.

We now define the exterior α-dimensional Hausdorff measure of E,
m∗α(E) as

m∗α(E) = lim
δ→0
Hδα(E).

Here are a few initial observations and insights from the definition.

(i) We note that it is important that m∗α(E) requires that the coverings be of
sets of arbitrarily small diameters. Without this stipulation, m∗α(E) would
fail to be a measure for it would not satisfy the additivity property. To
see this, consider the following counter-example. Consider a map defined
as

m̃1(E) = inf

{∑
k

diam Fk | E ⊂
∞⋃
k=1

Fk

}
.

This is similar to the exterior one-dimensional Hausdorff measure, except
that there is no restriction on the size of the diameters of the coverings.
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Let I1 and I2 be two disjoint unit segments in Rd≥2 with I1 = I2 + h,
|h| < ε < 1 and h ∈ Rd, i.e., I1 is a translation of I2. Then

m̃1(I1) = m̃1(I2) = 1,

while
m̃1(I1 ∪ I2) =

√
1 + h2 <

√
1 + ε2 ≤ 1 + ε.

Thus,
m̃1(I1 ∪ I2) < m̃1(I1) + m̃1(I2).

Therefore, m̃1 fails to be additive. Notice that this problem does not
emerge for the Lebesgue measure since it is not defined by the size of the
diameter of coverings.

(ii) The quantity Hδα(E) increases as δ decreases. To see this, suppose δ1 <
δ2. Recall Uδ1(E), which is the countable collection of covers of E with
diameter less than or equal to δ1 and similarly consider Uδ2(E). Then we
have that Uδ1(E) ⊂ Uδ2(E). In other words, a set of any covers whose
diameters are less than δ1 is contained in the set of those whose diameters
are less than δ2. This implies that

inf⋃
k Fk∈Uδ1

∑
k

(diam Fk)α ≥ inf⋃
k Fk∈Uδ2

∑
k

(diam Fk)α.

Therefore, Hδ1α (E) ≥ Hδ2α (E).

(iii) Since Hδα(E) is increasing, lim
δ→0
Hδα(E) = m∗α(E) exists (and is possibly

infinite).

(iv) Hδα(E) ≤ m∗α(E) for all δ > 0 follows immediately from (iii).

(v) Setting α = 0 in (1), we define

m∗0(E) = lim
δ→0

inf

{∑
k

(diam Fk)0

}
= lim
δ→0

inf

{∑
k

1

}
.

If diam Fk > 0, then m∗0(E) will be the number of covers needed to cover
the set, so it counts the number of points in E ⊂ R.

(vi) Furthermore, m∗1(E) = m∗(E), wherem∗(E) denotes the exterior Lebesgue
measure on R.

2.3 Hausdorff Measure

Next, we show that the Hausdorff exterior measure is a function,
m∗α : Rd → [0,∞], which satisfies the properties of a Carathéodory exterior
measure. Thus, by the Carathéodory Theorem, by restricting m∗α to Borel sets,
we obtain a measure, mα.
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Theorem 2.1. The Hausdorff exterior measure, m∗α, is a Carathéodory exterior
measure.

Proof. We first prove that m∗α(∅) = 0. If α > 0, then m∗α(∅) ≤ Hδα(∅) ≤
(diam ∅)α = 0. If α = 0, then as mentioned previously in Observation (v), m∗0
is the counting measure, which also results in m∗α(∅) = 0.

Secondly, we prove that it obeys monotonicity. Suppose E1 ⊂ E2. We wish
to show that m∗α(E1) ≤ m∗α(E2). Let {Fk} ∈ Uδ(E2). Then, since any cover of
E2 is also a cover of E1, {Fk} ∈ Uδ(E1). By definition,

Hδα(E1) ≤
∑
k

(diam Fk)α.

By taking the infimum over all covers in Uδ(E2), we get that Hδα(E1) ≤ Hδα(E2).
Letting δ go to 0, we obtain our desired result of m∗α(E1) ≤ m∗α(E2).

Lastly, we prove that it obeys countable subadditivity. Suppose E1, E2, ... is
a countable family of sets. Then, we wish to show that

m∗α

 ∞⋃
j=1

Ej

 ≤ ∞∑
j=1

m∗α(Ej).

Fix δ > 0 and for each Ej , choose a cover {Fj,k}∞k=1 such that the diam Fj,k < δ,
and ∑

k

(diam Fj,k)α ≤ Hδα(Ej) + ε/2j .

Now since E ⊂
⋃
j,k

Fj,k, we have

Hδα(E) ≤
∑
k

(diam Fj,k)α

≤
∞∑
j=1

(
Hδα(Ej) +

ε

2j

)
≤
∞∑
j=1

Hδα(Ej) + ε

≤
∞∑
j=1

m∗α(Ej) + ε because Hδα(Ej) ≤ m∗α(Ej).

Since ε is arbitrary, the inequality Hδα(E) ≤
∞∑
j=1

m∗α(Ej) holds. Letting δ go to

0, we obtain m∗α(E) ≤
∞∑
j=1

m∗α(Ej).

Therefore, we define the α-dimensional Hausdorff measure, mα by restricting
m∗α to the Borel sets in Rd. By Theorem 1.5, mα is a measure.
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2.4 Hausdorff Dimension

Recall how α-Hausdorff measure was defined,

mα(E) = lim
δ→0
Hδα(E) = lim

δ→0
inf

{∑
k

(diam Fk)α | E ⊂
∞⋃
k=1

Fk,diam Fk ≤ δ ∀k

}
.

As one can see in the equation, α-dimensional measure of a set is closely related
to α. Indeed, the value is determined by how a set is constructed, and each set
has a unique α value.

Lemma 2.2. Suppose mα(E) is finite, then

mβ(E) =

{
∞ if α > β
0 if α < β

Proof. For given δ > 0, if diam F ≤ δ and β > α, then

(diam F )β = (diam F )β−α(diam F )α ≤ δβ−α(diam F )α.

Therefore,
Hδβ(E) ≤ δβ−αHδα(E) ≤ δβ−αm∗α(E).

As m∗α(E) is finite, letting δ tend to zero renders the right-hand side arbitrarily
small.
The contrapositive gives m∗β(E) =∞ whenever m∗α(E) > 0 and β < α.

Let us define the Hausdorff dimension of E, denoted dim(E), as

α = sup{β ∈ R | mβ(E) =∞} = inf{β ∈ R | mβ(E) = 0}.

If dim(E) = α, then the inequality 0 ≤ mα(E) ≤ ∞ holds. This α is
uniquely defined on R. If E satisfies a strict inequality, 0 < mα(E) < ∞, then
we say that E has strict Hausdorff dimension α.

Interestingly, if E is a Borel subset of Rd, then we can relate the Hausdorff
measure md(E) to the Lebesgue measure m(E) with a constant cd that only
depends on the dimension d. The constant cd = m(B)/(diam B)d, for the unit
ball B, and notice that the ratio is the same for all balls B in Rd. Since the
Lebesgue measure of B is just the volume, we can write cd = vd/2

d, where vd
denotes volume of the unit ball. The proof of this property relies on the fact
that the ball has the largest volume of all sets of a given diameter, c.f. [2].

2.5 The Cantor Set

We now call our attention back to the Cantor set, whose size is not reflected well
by its 1-dimensional Lebesgue measure. We will show that, in an appropriate
dimension α between 0 and 1, the Hausdorff measure, mα, is both positive and
finite.

Theorem 2.3. The Cantor set C has strict Hausdorff dimension α = log 2/ log 3.
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Proof. We will show that for this value of α,

0 < mα(C) ≤ 1. (2)

First, we will prove mα(C) ≤ 1.

From the construction of the Cantor set, we know that C =

∞⋂
k=1

Ck where each Ck

is the union of 2k disjoint intervals of length 3−k. Given δ > 0, choose K large
enough that 3−k < δ. CK covers C and has 2K intervals of diameter 3−K < δ.
Let us denote each interval of CK as Ij , then we must have

Hδα(C) ≤
2K∑
j=1

(diam Ij)
α

≤
∑

(3−K)α

≤ 2K(3−K)α.

Since α = log 2/ log 3, the inequality simplifies to Hδα(C) ≤ 1. Since δ is arbi-
trary, this holds for all δ, and by tending δ to zero, we obtain mα(C) ≤ 1.

To prove the second inequality, we introduce the notion of Lipschitz con-
tinuity. We say that a function f on a subset E of Rd satisfies a Lipschitz
condition with exponent γ on E if there exists M > 0 such that

|f(x)− f(y)| ≤M |x− y|γ for all x, y,∈ E.

Lemma 2.4. Suppose a function f is defined on a compact set and satisfies a
Lipschitz condition with exponent γ. Then mβ(f(E)) ≤Mβmα(E) if β = α/γ.

Proof. Suppose {Fk} is a countable family of sets covering E. Then {E∩Fk} also
covers E, and after applying f , the image {f(E ∩ Fk)} covers the image f(E).
From the given information, f satisfies a Lipschitz condition with exponent γ,
thus

|f(x)− f(y)| ≤M |x− y|γ for all x, y,∈ E ∩ Fk.

Since the above inequality holds for all x, y ∈ E∩Fk, taking the supremum over
E ∩ Fk, the following must also be true.

diam f(E ∩ Fk) ≤M(diam E ∩ Fk)γ

≤M(diam Fk)γ .

Raising the inequality to β = α/γ, we have

(diam f(E ∩ Fk))β ≤Mβ(diam Fk)α. (3)

Since this holds for each individual Fk, by summing over k,∑
(diam (f(E ∩ Fk)))β ≤

∑
Mβ(diam Fk)α. (4)
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Since Hδ is the infimum of the left side of the above inequality (4).

Hδβ(f(E)) ≤
∑

(diam (f(E ∩ Fk)))β ≤
∑

Mβ(diam Fk)α.

Since (3) holds for all Uδ(E), the inequality holds once the infimum is taken
over Uδ(E). Therefore,

Hδβ(f(E)) ≤Mβ Hδβ(E).

Finally, by tending δ to 0, we obtain our desired result.

Recall the Cantor-Lebesgue function. It takes all of the elements from the
Cantor set and bijectively maps them to the interval [0, 1]. Here, we introduce
an alternate way of thinking of the Cantor-Lebesgue function. This approach
considers the family of bijective mappings, {Fn}, that maps Cn (the nth stage
of construction of the Cantor set) to the interval [0, 1].

F0(x) = x is a linear function defined on [0, 1], and it maps onto [0, 1]
bijectively. F1(x) maps the first one-third interval of C1 to [0, 1/2] and the
second one-third interval to [1/2, 1]. It is a piecewise linear function, and it is
continuous and increasing by slope 3/2 along C1. For F2(x), it maps the first
interval of C2 to [0, 1/4], the second to [1/4, 1/2], the third to [1/2, 3/4], and
the last to [3/4, 1].

Likewise, Fn(x) is a continuous and increasing function from Cn to [0, 1].
It bijectively maps every jth interval of Cn to [ j−12j ,

j
2j ]. This process yields a

sequence of continuous increasing functions.
It is not hard to show that this function converges uniformly. Suppose

x 6∈ Cn−1. Since Cn ⊂ Cn−1, x 6∈ Cn. Then, both Fn and Fn−1 map x onto
the same constant. Thus, the difference between Fn(x) and Fn−1(x) is zero.
Suppose x ∈ Cn−1 and x is located on the left one-third of the interval, namely
[a, b], of Cn−1. Since Fn and Fn−1 are both monotone increasing functions,
Fn−1(a) ≤ Fn−1(x) and Fn(x) ≤ Fn(b). Thus,

|Fn(x)− Fn−1(x)| ≤ |Fn(b)− Fn−1(a)| = 1

2n
.

We may apply the same rule to the cases in which x is in the middle one-third
and in the right one-third. Thus, in general, for every x ∈ [0, 1],

|Fn+1(x)− Fn(x)| ≤ 2−n−1.

The family of functions {Fn}∞n=0 uniformly converges to Cantor-Lebesgue func-
tion.

Lemma 2.5. The Cantor-Lebesgue function F on C satisfies a Lipschitz con-
dition with exponent γ = log 2/ log 3.
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Proof. F by construction is the limit of the sequence of piecewise linear functions
{Fn}∞n=1. Fn increases by 2−n on each interval of length 3−n. Thus, the slope
of each Fn is bounded by (3/2)n. Therefore, we can write

|Fn(x)− Fn(y)| ≤ (3/2)n|x− y|.

We also know by the definition of F that |Fn+1(x)−Fn(x)| ≤ 1
2n+1 . Therefore,

by Cauchy convergence, we have that |F (x)− Fn(x)| ≤ 1
2n .

By the triangle inequality, we have the following.

|F (x)− F (y)| ≤ |F (x)− Fn(x)|+ |Fn(x)− Fn(y)|+ |F (y)− Fn(y)|

≤ 1

2n
+

(
3

2

)n
|x− y|+ 1

2n

=
3n|x− y|+ 2

2n
.

Fix x and y. Since |x − y| ≤ 1, we can choose k such that 1 ≤ 3n|x − y| < 3.
Then, since |F (x)− F (y)| is bounded, for some positive constant c, we have

|F (x)− F (y)| ≤ c2−k = c(3−k)γ ≤ c|x− y|γ .

Therefore, the Cantor-Lebesgue function F satisfies a Lipschitz condition
with exponent γ = log 2/ log 3. Now, if we apply Lemma 2.4 to the Cantor set
with E = C, f = F , and α = log 2/ log 3, we find that

m1(F (C)) = m1([0, 1]) ≤ cmα(C).

By dividing by c, we obtain 1/c ≤ mα(C). Since c is a positive constant, we
achieve the following desired result

mα(C) > 0.

Therefore, we have proved (2), so dim(C) = log 2/ log 3.

2.6 Sierpinski Triangle

The Sierpinski triangle is a fractal set constructed iteratively by removing open
triangles from a closed set in the plane. It begins with a closed equilateral
triangle S0 with sides of unit length. In the first step, we remove the middle
open equilateral triangle as seen in the figure below. The result, S1, is the union
of the remaining three closed triangles. Repeating this procedure, Sn is formed
by removing 3n−1 open triangles from each of the 3n−1 closed triangles in Sn−1.
Then Sk has the following properties.

• Each Sk is a union of 3k equilateral triangles of side length 2−k.
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Figure 3: From the leftside, it is S0,S1,S2,S3, and S4, [2]

• {Sk} is a nested decreasing sequence of compact sets; that is Sk+1 ⊆ Sk
for all k.

The Sierpinski triangle is the compact set defined by

S =

∞⋂
k=1

Sk.

Theorem 2.6. The Sierpinski triangle S has strict Hausdorff dimension α =
log 3/ log 2.

The first step of the proof is to show mα(S) is bounded by 1.

Proof. For given δ > 0 choose K such that 2−K < δ. Since Sk covers S
and it contains 3K equilateral triangles of diameter 2−K < δ,

Hδα(S) ≤ 3K(2−K)α.

As we set α = log 3/ log 2, it follows that Hδα(S) ≤ 1; hence mα(S) ≤ 1.

In order to prove mα(S) > 0, we introduce some new terminologies. From
now on, we will call the vertex of a triangle to be the lower-left vertex of the
triangle. Thus, there are 3k vertices in Sk.
Let vK be an arbitrary vertex in the Kth generation triangle. Then, ∀k ≥ K,
vK ∈ Sk, by the construction rule. Thus, all the vertices belong to S.
Consider a closed cover of S, {Fj}∞j=1, diam Fj < δ/2,∀j. In order to prove S
has a strict Hausdorff dimension α, we wish to prove the following inequality∑

j

(diam Fj)
α ≥ c > 0.

for some constant c which is independent of the cover. Each Fj is strictly
contained in an open ball, Bj , of twice the diameter of Fj . Thus by replacing
δ/2 by δ, {Bj}∞j=1 is an open cover of S with diam Bj < δ, ∀j. Since S is closed
and bounded, it is a compact set; hence there must be a finite subcover of S,
{Bj}Nj=1. Thus the inequality can be modified into

N∑
j=1

(diam Bj)
α ≥ c > 0.
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Suppose we have such a covering by balls. Consider the minimum diameter of
the Bj , and choose k satisfying the following inequality

2−k ≤ min
1≤j≤N

diam Bj < 2−k+1.

Lemma 2.7. Suppose B is a ball in the covering B that satisfies

2−l ≤ diam B < 2−l+1 for some l ≤ k.

Then B contains at most c3k−l vertices of the kth generation.

Figure 4: kth generation and lth generation triangles contained in B∗

Proof. Let B∗ denote the ball with three times the diameter of B yet shares the
same center as Figure 4 suggests. Let 4k be a triangle in Sk whose vertex, v,
lies in B. Let 4′l denote the triangle in the lth generation containing 4k. Since
diam B∗ = 3 · diam B ≥ 3 · 2−l, it follows that

v ∈ 4k ⊆ 4′l ⊆ B∗.

As triangles of the lth generation have area equal to c′4−l, while the area of
B∗ is at most equal to c′′4−l with c′′ ≥ c′, B∗ can contain at most c distinct
triangles of the lth generation. Since each 4′l contains 3k−l triangles of the kth
generation, B contains at most c3k−l vertices of triangles of the kth generation.

Returning to the proof of Theorem 2.6, we still need to show that
N∑
j=1

(diam Bj)
α > 0. Let Nl denote the number of balls Bj ∈ B satisfying
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2−l ≤ diam Bj ≤ 2−l+1. Then the following inequality holds

N∑
j=1

(diam Bj)
α ≥

∑
l

Nl2
−lα.

Thus, by Lemma 2.7, the total number of kth generation vertices covered by

balls in B is no more than c
∑
l

Nl3
k−l. Since all 3k kth generation vertices

belong to S and {Bj}∞j=1 covers S, we must have that c
∑
l

Nl3
k−l ≥ 3k. Hence,

∑
l

Nl3
−l ≥ c.

Setting α = log 3/ log 2 gives us

N∑
l=1

(diam Bj)
α ≥

∑
l

Nl2
−lα =

∑
l

Nl3
−l ≥ c > 0.

2.7 Self-Similarity

The Cantor set and the Sierpinski triangle have the same property: each set
contains scaled copies of itself. For example, the Cantor set contains two copies,
C1 and C2, of itself scaled down by 1/3 in each of the two intervals [0, 1/3] and
[2/3, 1], and therefore,

C = C1 ∪ C2.

Furthermore, C1 contains two copies of the Cantor set scaled down by 1/9
in interval [0, 1/9] and [2/9, 3/9], and so on. Thus, the Cantor set contains
replicas of itself on a smaller scale. This property is called the self-similarity
property, and we will present a precise definition and use it to determine the
Hausdorff dimension of self-similar sets.

Defintion 2.1. A mapping S : Rd → Rd is a similarity with ratio r > 0 if

|S(x)− S(y)| = r|x− y|.

We denote S(F ) as a similarity of the set F . Given finitely many similarities
S1, S2, ..., Sm with the same ratio r, the set F ⊂ Rd is self-similar if

F = S1(F ) ∪ S2(F ) ∪ · · · ∪ Sm(F ).

In the case of the Cantor set, there are two similarities.

S1(x) = x/3, S2(x) = x/3 + 2/3

Here, C = C1 ∪ C2 = S1(C) + S2(C) with m = 2 and r = 1/3, and therefore, the
Cantor set is self-similar. Now we prove the following theorem.
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Theorem 2.8. Suppose S1, S2, ..., Sm are m similarities, each with the same
ratio r that satisfies 0 < r < 1. Then there exists a unique nonempty compact
set F such that

F = S1(F ) ∪ · · · ∪ Sm(F ).

To prove this theorem, we first prove the following lemma.

Lemma 2.9. There exists a closed ball B centered at the origin so that Sj(B) ⊂
B for all j = 1, . . . ,m.

Proof. If S is a similarity with ratio r, then by triangle inequality, we have
|S(x)| ≤ |S(x)− S(0)|+ |S(0)| ≤ r|x|+ |S(0)|.

We can prove that there exists R such that |x| ≤ R implies |S(x)| ≤ R.
Choose R large enough such that rR + |S(0)| ≤ R, or R ≥ |S(0)|/(1 − r). For
each Sj , we find a closed ball Bj centered at the origin, with radius Rj such
that for any x ∈ Bj , |Sj(x)| ≤ Rj as above. So, it can be concluded that for any
j, Sj(Bj) ⊆ Bj . If B denotes the ball among the Bj with the largest radius,
then we have shown that Sj(B) ⊂ B for all j.

Next, for any set A, let S̃(A) = S1(A) ∪ ... ∪ Sm(A), and for each δ > 0,
define

Aδ = {x | d(x,A) < δ}.

We introduce the following definition of Hausdorff distance as a measure of
distance between two compact sets.

dist(A,B) = inf{δ | B ⊂ Aδ and A ⊂ Bδ}

Lemma 2.10. The distance function dist defined above on compact subsets of
Rd satisfies the following.

(i) dist(A,B) = 0 if and only if A = B.

(ii) dist(A,B) = dist(B,A).

(iii) dist(A,B) ≤ dist(A,C) + dist(C,B).

If S1, . . . , Sm are similarities with ratio r, then

(iv) dist(S̃(A), S̃(B)) ≤ rdist(A,B).

The proof of the first three items are straight-forward and are left to the
reader. Here, we provide the proof of (iv).

Proof. Let S̃(F ) = S1(F ) ∪ ... ∪ Sm(F ) for some m, where |S(x) − S(y)| =
r|x − y| for some ratio r > 0. We prove that for any Sj ∈ {S1, ..., Sm},
dist(Sj(A), Sj(B)) ≤ rdist(A,B). Then (iv) follows because if Sj(A) ⊂ Sj(B)δ

and Sj(B) ⊂ Sj(A)δ for all j, then S̃(A) ⊂ S̃(B)δ and S̃(B) ⊂ S̃(A)δ. Let

P = {δ | B ⊂ Aδ and A ⊂ Bδ}
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Q = {δ/r : Sj(B) ⊂ Sj(A)δ and Sj(A) ⊂ Sj(B)δ}.

For any δ ∈ P , we prove that δ ∈ Q. For all y1 ∈ Sj(B), there exists
y2 ∈ B such that y1 = Sj(y2). Because B ⊂ Aδ, there exists x2 ∈ A such
that |x2 − y2| < δ. Let x1 = Sj(x2). Then, by the definition of similarity,
|x1 − y1| = |Sj(x2)− Sj(y2)| = r|x2 − y2| < rδ.

Therefore, we have found that for all y1 ∈ Sj(B), there exists x1 ∈ Sj(A)
such that |x1 − y1| < rδ, which is equivalent to Sj(B) ⊂ Sj(A)rδ. Similarly, we
can show that Sj(A) ⊂ Sj(B)rδ. Therefore, δ ∈ Q. Consequently, P ⊂ Q, which
implies that inf

δ∈P
δ ≥ inf

δ∈Q
δ. As a result, we have shown that dist(Sj(A), Sj(B)) ≤

rdist(A,B).

Now we can return to prove Theorem 2.8. Define S̃k as the kth composition
of S̃. S̃1 = S̃ and S̃k = S̃k−1 ◦ S̃.

From Lemma 2.9, we obtain a closed ball B centered at the origin so that
Sj(B) ⊂ B for all j = 1, . . . ,m. Let Fk = S̃k(B). Because B is compact
and non-empty and Sj is continuous, each mapping produces a compact and

non-empty set, Fk. Furthermore, since S̃(B) ⊂ B, we have

Fk = S̃k(B) = S̃k−1 ◦ S̃(B) ⊂ S̃k−1(B) = Fk−1.

We denote F =

∞⋂
k=1

Fk. Because F is the intersection of countably many non-

empty and compact nested sets, F is non-empty and compact. Since F2 ⊂ F1,
then

F =

∞⋂
k=1

Fk =

∞⋂
k=3

Fk ∩ (F2 ∩ F1) =

∞⋂
k=3

Fk ∩ F2 =

∞⋂
k=2

Fk.

We now show that S̃(F ) = F . If x ∈ S̃(F ) = S̃(

∞⋂
k=1

Fk), then there exists

y ∈ F such that S̃(y) = x. Since y ∈ Fi for some i, then

x ∈ S̃(Fi) ⊂
∞⋂
k=1

S̃(Fk) =

∞⋂
k=1

Fk+1 =

∞⋂
k=2

Fk = F.

Therefore, S̃(F ) ⊂ F . The proof for the reverse direction is similar. If x ∈ F =
∞⋂
k=1

Fk, then for all j,

x ∈ Fj = S̃j(B) = S̃(S̃j−1(B)) = S̃(Fj−1).
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Because Fj−1 ⊂
∞⋂
i=1

Fi,

x ∈ S̃(Fj−1) ⊂ S̃(

∞⋂
i=1

Fi) = S̃(F ).

Therefore, the reverse is also true. Note that j = 1 might cause problem with
the indexing, but because F1 ⊂ F2 = S̃(S̃1(B)) = S̃(F1) ⊂ S̃(F ), the reverse
still holds. Thus, we have shown that S̃(F ) = F .

Now, we prove that F is unique. Suppose G is another non-empty compact
set such that S̃(G) = G. By part (iv) of Lemma 2.10, we have that

dist(F,G) = dist(S̃(F ), S̃(G)) ≤ rdist(F,G).

Since r < 1 and dist (F,G) ≥ 0, we have dist(F,G) = 0. From part (i) of
Lemma 2.10, we have F = G.

Therefore, we have shown that for 0 < r < 1, there exists a unique nonempty
compact set F such that S̃(F ) = F , which completes our proof of Theorem 2.8.

Now we may calculate the Hausdorff dimension of the set F , but first, we
introduce the following definition.

Defintion 2.2. The similarities S1, ..., Sm are separated if there is a bounded
open set O so that

O ⊃ S1(O) ∪ · · · ∪ Sm(O)

and the Sj(O) are disjoint.

Theorem 2.11. Suppose S1, S2, . . . , Sm are m separated similarities of a self-
similar set F with the common ratio r that satisfies 0 < r < 1. Then F has
Hausdorff dimension equal to logm/ log(1/r).

The value of α is derived using the concept of separated similarities as defined
above. Suppose S1, ..., Sm are separated and have the same ratio 0 < r < 1.
Then, we can show that

mα(F ) =

m∑
j=1

mα(Sj(F )) = mrαmα(F ).

If mα(F ) is finite, then mrα = 1. Therefore, the dimension should be
α = logm/ log(1/r) as the theorem states.

Proof. We will use the same proof strategy that we used to calculate the dimen-
sion of the Cantor set and the Sierpinski triangle.

First, let α = logm/ log(1/r). Then, we show that 0 < mα(F ) < ∞.
Consequently, we will have dimF = α.
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Let Fk = S̃k(B) where B is the closed ball that we obtained from Lemma
2.9. Recall that S̃(B) = S1(B) ∪ S2(B) ∪ · · · ∪ Sm(B). Then S̃(B) consists of
mk sets each with diameter smaller than rkdiam B. We can use the expression
Sn1
◦ ... ◦ Snk(B) to represent each set in S̃ where 1 ≤ ni ≤ m and 1 ≤ i ≤ k.

So Sni represent the similarity created at the ith generation.
Therefore,

Hδα(F ) ≤ Hδα(Fk)

≤
∑

n1,...,nk

(diam Sn1 ◦ ... ◦ Snk(B))α

≤ cmkrαk where c = (diam B)α

≤ c′ where c′ is independent of δ.

Because c′ is not dependent on δ, taking the limit as δ goes to 0, we have
mα(F ) ≤ c′ for some positive number c′. Thus, mα(F ) <∞.

Next, we show that mα(F ) > 0 if the similarities are separated as defined
above. Fix a point x in the set F . Each similarity of F maps the point x to a
point contained in the image of F under that similarity. Define the ”vertices” of
the kth generation of similarity as Sn1

◦ · · · ◦Snk(x), where 1 ≤ n1, . . . , nk ≤ m.
Therefore, there are mk vertices of the kth generation. Each vertex is indexed
by (n1, ..., nk) as above where 1 ≤ nj ≤ m for each j.

We then choose a bounded open set O such that the definition of separation
is satisfied, and find that

O ⊃ S1(O) ∪ · · · ∪ Sm(O)

and the Sj(O) are disjoint. For each of the mk similarities of the kth generation,
we define the ”open sets” of the kth generation to be the sets Sn1

◦ · · · ◦Snk(O)
where 1 ≤ n1, ..., nk ≤ m. Similarly, we index each set of the kth generation
with (n1, ..., nk). Each of these sets are disjoint because the first generation sim-
ilarities are disjoint due to the separation condition. Furthermore, each open
set of the lth generation contains mk−l open sets of the kth generation.

We denote O(v) as the open set of the kth generation that has the same
index as the vertex v in the kth generation. Because the fixed point x has a
constant distance to the open set O, we have

d(v,O(v)) ≤ crk.

Also, because the diameter of O is finite, we have

c′rk ≤ diam O(v) ≤ crk.

Similar to the proof for the Sierpinski triangle, we wish to find a finite
collection of balls B = {Bj}Nj=1 each with diameter less than δ and whose union
is a cover of F , such that
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N∑
j=1

(diam Bj)
α ≥ c > 0.

Because 0 < r < choose k so that the k satisfies the following relation.

rk ≥ min
1≥j≥N

diam Bj < rk−1

Lemma 2.12. If B is a ball in the covering B that satisfies

rldiam B < rl−1 for some l ≤ k

then B contains at most cmk−l vertices of the kth generation.

Proof. Suppose that v is a vertex of the kth generation and v ∈ B. Let B∗

be a larger ball that has the same center as B and has volume crdl for some
fixed d. Then, we know that O(v) ⊂ B∗ and B∗ contains the open set of the
lth generation that contains O(v). Because each open set of the lth generation
has volume ≈ rdl (rd is constant), B∗ can contain at most c such open sets.
Therefore, B∗ contain at most cmk−1 such open sets and cmk−l vertices of the
kth generation.

Now let Nl be the number of balls, Bj in the cover B such that

rl ≤ diam Bj ≤ rl−1.

From Lemma 2.12, we know that the number of kth generation vertices

that B can cover is no more than c
∑
l

Nlm
k−l where we sum over all possible

values of l. However, since F is contained in the cover B, B must cover all mk

vertices of the kth generation in F . Thus, c
∑
l

Nlm
k−l ≥ mk, and consequently

we have ∑
l

Nlm
−l ≥ c.

Because we defined α as logm/ log(1/r), we have rlα = m−l. Thus,

N∑
j=1

(diam Bj)
α ≥

∑
l

Nl(r
l)α =

∑
l

Nlm
−l ≥ c.

This inequality proves that mα(F ) > 0, and the proof of Theorem 2.11 is
complete.
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3 Besicovitch Sets

We now have a theorem that we may use for fractal sets that are self-similar;
however, what if our set is not self-similar? Clearly not all sets are self-similar,
and there are surely other interesting examples of irregular sets that we would
like to explore. Specifically, we would like to find its Hausdorff dimension;
however, this can be very difficult. One example of such a set is a Besicovitch
set, which we explore here, following Falconer’s [1, Chapter 7].

3.1 The Kakeya Needle Problem

A Besicovitch set is a subset of Rd containing a line segment in every direc-
tion. To explore such a set, we think of it in relation to the Kakeya Needle
Problem, which asks for a set with the smallest area in the plane in which we
can continuously rotate a unit line segment or needle 180 degrees. Clearly, any
set that can do so is also a Besicovitch set in R2.

When trying to solve this problem, we might think of rotating the line seg-
ment about its midpoint. Then, we find that it uses the area of a circle with
radius 1/2, which equals π/4 ≈ 0.79.

It is possible to do even better by using an equilateral triangle of height 1.
If we start with the line segment at the base of the triangle with an endpoint
matching up with the bottom right vertex of the triangle, we may rotate it 60
degrees clockwise to hop to another side of the triangle. If we then shift the
segment along the side until its endpoint overlaps with the top vertex, we may
rotate it 60 degrees clockwise again to reach the next side. Shift the line segment
down along the side again, and then we may rotate 60 degrees clockwise again
to return to the base of the triangle. This requires an area of 1/

√
3 ≈ 0.58.

Figure 5: The stages of rotating a line segment in an equilateral triangle.

We have gradually decreased the area required to solve this problem, but
surprisingly, the answer to this problem is that it can be done within a set of
arbitrarily small area!

What does such a set look like? There are actually multiple ways of con-
structing such a set. In the following subsection, we explain the construction of
a visually appealing representation of such a set.
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Figure 6: Sliding T2 to horizontally overlap T1, [2]
.

3.2 Perron Trees

Consider a triangle T with the base length b and height h as in Figure 6. Name
the midpoint of AB as M , and draw a line CM . Let T1 denote 4AMC and T2
denote 4BMC. The figure is called a Perron tree. Take 1/2 < α < 1. Then,
slide T2 horizontally a distance of (1 − α)b so it overlaps with T1. Name this
figure S. S consists of a triangle SH(T ) and a pair of auxiliary triangles SA(T ).
Note that SH(T ) is similar to T , and the base length and the height of SH(T )
are 1

2αb and αh respectively. Thus, m(SH(T )) = α2m(T ).
As Figure 6 suggests, once we draw a line through P parallel to AB, we ob-

tain four auxiliary triangles, namely 4PCD,4PED,4PC ′D′, and 4PE′D′.
4PCD, 4PE′D′, and T1 are similar, and4PED,4PC ′D′, and T2 are similar.
Since the height of 4PCD is (1− α)h, the area of 4PCD is 1

4 (1− α)2bh. By
the same argument, the area of 4PED is equal to 4PCD, thus the area of the
auxiliary triangles is bh(1−α)2. Hence, the amount of area lost after sliding T2
over T1 is

m(T )−m(S) = m(T )(1− α2 − 2(1− α2))

= m(T )(1− α)(3α− 1).

Figure 7: Dividing a triangle into 23 elementary triangles, T1, . . . T8.

With this idea, again let T be a triangle with base on a line L. Fix k and

32



divide the base of T into 2k equal line segments and form 2k triangles T1, . . . T2k
as in Figure 7.

Figure 8: S1
1 , S

1
2 , S

1
3 and S1

4 .

For each i with 1 ≤ i ≤ 2k−1, slide T2i to the left, overlapping it with
T2i−1 to get the figure S1

i . Each S1
i contains a triangle T 1

i , which is similar to
T2i−1 ∪ T2i. By the same argument, m(S1

i ) = (1− α)(3α− 1)m(T2i−1 ∪ T2i).

Figure 9: S2
1 and S2

2 .

Again, slide S1
2i to S1

2i−1 to obtain S2
i , and likewise, S2

i contains a triangle
T 2
i , which is similar to T 1

2i−1 ∪ T 1
2i with the ratio α. Thus, the amount of area

lost due to overlap of T 1
2i−1 and T 1

2i is

(1− α)(3α− 1)(m(T 1
2i−1) +m(T 1

2i))

= (1− α)(3α− 1)α2m(T4i−3 ∪ T4i−2 ∪ T4i−1 ∪ T4i).

Continuing this idea, for the (k + 1)th stage, we get Sk+1
i by overlapping

triangles Sk2i−1 and Sk2i, so the overlap of T k2i−1 and T k2i results the amount of
area lost at least (1−α)(3α−1)α2k. In this manner, summing up all the amount
of area lost for each stage gives

m(Sk) ≤ m(T )− (1− α)(3α− 1)(1 + α2 + · · ·+ α2(k−1))m(T )

=

(
1− (3α− 1)(1− α2k)

(1 + α)

)
m(T ).
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By choosing α close to 1 and taking k large enough, we find that m(S) is
arbitrarily small.

Starting with a triangle T , let V be an open set containing T . For any ε > 0,
choose K large enough to satisfy 2−K ≤ ε. Since we slide each elementary
triangle a distance less than its own base length, we can obtain an arbitrarily
small set by moving none of the elementary triangles more than ε. Thus, if the
open set V contains T , it contains S.

Based on this construction, we prove the following theorem.

Theorem 3.1. There exists a set of Lebesgue measure zero which contains a
unit segment in every direction.

Proof. Let S1 be an equilateral triangle with unit height. Consider an open set
V containing S1 such that m(V̄ ) ≤ 2m(S1), where V̄ denotes the closure of V .
Divide S1 into 2k elementary triangles and overlap them to make a single closed
set S2 contained in V1 with m(S2) ≤ 2−2. Again, since S2 is closed, we may
find an open set V2 satisfying m(V̄2) ≤ 2m(S2). In this manner, we obtain a
nested sequence of open sets {Vi} with Si ⊂ Vi ⊂ Vi−1 satisfying

m(V̄i) ≤ 2m(Si) ≤ 2−i+1.

Let F =

∞⋂
i=1

V̄i. By the monotonicity property, for every i, m(F ) ≤ m(Vi) ≤

2−i+1. Thus m(F ) = 0. By construction, V̄i contains a unit line segment in
every direction of angle 60◦. Let us check whether this property still holds with
F . Consider 0◦ ≤ θ ≤ 60◦, and for every i, let Mi be a unit line segment in
the direction of θ with Mi ⊂ V̄i. Since for every i, V̄i is compact, we may take
a subsequence if necessary in order to define a set of line segments, {Mi}, that
converges to M , the unit line segment in the direction θ. Since {V̄i} is a nested
sequence of closed sets, Mi ⊂ V̄i implies for every j ≤ i, Mi ⊂ V̄j . Thus, M ⊂ V̄j

for every j. Therefore, M ⊂
∞⋂
j=1

V̄j = F as desired.

3.3 The Dual Approach

The problem of finding the Hausdorff dimension of a Besicovitch set in Rd is
rather difficult. To do this in dimension d = 2, we introduce an alternative
approach to constructing and thinking about Besicovitch sets. Called the dual
approach, it uses points in a set to parametrize lines in such a way that relates
the projection of the points to the intersection of the lines. It then examines
the set formed by taking the union of the lines (called a line set) by projecting
the set in various directions.

More precisely, if (a, b) ∈ R2, we denote L(a, b) as the set of points on the
line y = a + bx. Then, for a set E ⊂ R2, we define the line set L(E) as the
union of lines parametrized by every point in E. In other words,

L(E) =
⋃

(a,b)∈E

L(a, b).
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Now, select a constant c and intersect L(E) with Lc, which is the line x = c
to find

L(E) ∩ Lc = {(c, (a, b) · (1, c))|(a, b) ∈ E}.

Let projθ denote the projection onto the line Lθ through the origin at an
angle of θ from the x-axis. Then, if c = tan(θ), the set L(E)∩Lc is geometrically

similar to projθE with the ratio (1 + c2)
1
2 . In other words,

m(L(E) ∩ Lc) = (1 + c2)
1
2m(projθE).

Because of this geometric similarity, we find that

m1(L(E) ∩ Lc) = 0⇔ m1(projθE) = 0. (5)

Before moving on to prove the following theorems, we first define some key
terms. A set E ⊂ Rd for which 0 < m1(E) < ∞ is called a 1-set. In other
words, it is a set that has strict Hausdorff dimension of 1, and therefore, is
linearly measurable.

A point x ∈ E is a regular point of E if the density of the set at x is equal
to 1. A point y ∈ E is an irregular point of E otherwise. The set E ∈ Rd is
irregular if almost all of its points are irregular.

Theorem 3.2. Let E be a 1-set in R2. Then L(E) is measurable. Furthermore,
if E is irregular, then L(E) has Lebesgue measure zero.

We include an outline of this proof, but leave most of the details out. For a
full detailed proof, refer to [1].

If E is an irregular 1-set, then by [1, Theorem 6.13], m1(projθE) = 0 for
almost all θ. By (5), m1(L(E)∩Lc) = 0 for almost all c. Since L(E) is Lebesgue
measurable, then Fubini’s thoerem implies that m2(L(E)) = 0.

Now, we use this idea to prove the existence of a Besicovitch set with measure
zero in the plane.

Theorem 3.3. There exists a subset of the plane with Lebesgue measure zero
that contains a line in every direction.

Proof. Let E be an irregular, 1-set in R2 such that the projection of E onto
the y-axis contains the line segment [−1, 1]. Consider the line set L(E). By
Theorem 3.2, since E is irregular, L(E) has Lebesgue measure zero. For the
next half of the proof, consider the projection onto the y-axis. For (a, b) ∈ E,
projπ/2(a, b) = b coincides with the gradient of the line L(a, b) = a+ bx ∈ L(E).
Therefore, if projπ/2E contains the line segment [−1, 1], then for all b ∈ [−1, 1],
there exists a line in L(E) with gradient b. This line set L(E) is then a measure
zero set with lines of all gradients between −1 and 1. In order to obtain lines
of all gradients, we take the union of L(E) and a congruent copy of it rotated
90 degrees.
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This set is stronger than the Besicovitch set constructed by the Perron Trees
as it contains a complete line, rather than a line segment, in every direction.
We now show that although this set has Lebesgue measure zero, it is necessarily
large. In fact, its Hausdorff dimension is as large as possible.

Theorem 3.4. Let F be the subset of the plane containing a line in every
direction. Then F has Hausdorff dimension 2.

Proof. Define a Gδ-set as a subset of Rd that is a countable intersection of open
sets. Since every set is contained in a Gδ-set of the same dimension, without loss
of generality, suppose F is Gδ. Define E = {(a, b)|L(a, b) ⊂ F}. Then, E is also
Gδ. Since F contains lines in every direction, projπ/2E is the entire y-axis and
its Lebesgue measure is ∞. Using a projection theorem [1, Theorem 6.8(a)], it
follows that dim(projθE) = 1 for almost all θ. Therefore, by (5), it follows that
dim(L(E)∩Lc) = 1 for almost all c. Now using [1, Theorem 5.8], we can deduce
that dimL(E) = 2, and since L(E) ⊂ F , we conclude that dimF = 2.

Therefore, although Besicovitch sets in the plane can have Lebesgue measure
zero, their Hausdorff dimension is the highest possible value, so in a sense, these
sets are still quite large.

We can also construct measure zero Besicovitch sets in higher dimensions.
Naturally, the question of its Hausdorff dimension arises. It is conjectured that
the Hausdorff dimension is as large as possible for d ≥ 2 as well.

Conjecture 1. A Besicovitch set in Rd must have Hausdorff dimension d.

While this has been proven for d = 2, it is still unknown for higher dimen-
sions. This conjecture is known as the Kakeya Conjecture, and it has been
shown to have connections in several different areas of mathematics, such as
Fourier analysis, partial differential equations, and arithmetic combinatorics.
While there have been partial results, the problem becomes more difficult in
higher dimensions and it is still open for d ≥ 2. Thus, this is a very interesting
question for further study.
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